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Abstract

Large fiscal transfers shift households between regions with high and low marginal propensities
to consume (MPCs), resulting in nonlinear aggregate responses. We develop a Nonlinear
DEGM Update (NDU) method that shifts the wealth distribution nonlinearly over a short
time window while solving the aggregate economy using a fast, first-order state-space
approximation. A 10 percent transfer of annual GDP increases output by 4.5 percent in
the nonlinear and NDU solutions, but by 12.0 percent in the linear solution. The empirical
liquid-wealth distribution around zero disciplines this nonlinearity and exhibits a strong

asymmetry. A stochastic debt-entry cost closely reproduces this empirical pattern.

Keywords: heterogeneous agents, fiscal transfers, nonlinearities, state space, distribution dynamics.
JEL codes: C46, C63, D15, E21, E62.

*Christian Bayer gratefully acknowledges support by the DFG through CRC-TR224 EPoS, project C05
and in the framework of the German Excellence Strategy-EXC2126/1-390838866. Luigi-Maria Briglia, Ralph
Luetticke, Maximilian Weiss, and Yannik Winkelmann gratefully acknowledge funding by the European Union
(ERC, AIRMAC, 101114991). Views and opinions expressed are however those of the author(s) only and do not
necessarily reflect those of the European Union or the European Research Council. Neither the European Union
nor the granting authority can be held responsible for them.

TUniversitit Bonn, CEPR, and IZA, email: christian.bayer@uni-bonn.de

HUniversitat Tiibingen, email: luigi.briglia@uni-tuebingen.de

SUniversitat Tiibingen and CEPR, email: ralph.luetticke@uni-tuebingen.de

YUniversitit Tiibingen, email: maximilian.weiss@uni-tuebingen.de

I'Universitét Tiubingen, email: yannik.winkelmann@uni-tuebingen.de



1 Introduction

Large fiscal transfers create a general challenge for local solution methods in heterogeneous-agent
models. In models with high and dispersed marginal propensities to consume (MPCs), a transfer
moves households across regions of the asset distribution where MPCs differ sharply, making
the aggregate response strongly concave in transfer size. Bianchi and Kaplan (2026) show that
linear methods can therefore substantially overstate the efficacy of transfers. The source of
this nonlinearity is not the curvature of individual policy functions by itself, but its interaction
with the asset distribution. Aggregate consumption is an integral over that distribution, and a
transfer moves the borrowing-constraint threshold through it. The relevant nonlinear term is
the change in the fraction of high-MPC households. We make three contributions. First, we
provide an efficient method for handling this nonlinearity in macroeconomic models. Second, we
measure how quickly this fraction changes in the data. Third, we develop a model of household
debt that closely matches this statistic.

For the method, we build on the distributional endogenous-grid method (DEGM) of Bayer
et al. (2026). DEGM represents the distribution function in a way that captures how transfers
shift it. It writes the Kolmogorov Forward Equation (KFE) as a distribution-function update
at the cash-on-hand points that map into each grid point for future asset holdings. A transfer
shifts cash-on-hand. Holding policies fixed, the DEGM update then gives the distribution of
end-of-period assets for any transfer size, including changes in the mass of households that choose
the borrowing constraint. More technically speaking, DEGM provides a fully nonlinear and
differentiable distribution update based on the preimages of households’ policy functions. Bayer
et al. (2026) show that this approach is both computationally efficient and precise. It removes
the linearity built into the widely used method of Young (2010), which represents continuous
choices as lotteries over a discrete state space and misses nonlinear terms. This makes DEGM
well suited to the concern raised by Bianchi and Kaplan (2026).

While Bayer et al. (2026) use DEGM to compute a third-order perturbation solution, we
first derive how policy-boundary crossings from high- to low-MPC regions affect aggregate
consumption and then take a different computational route. With DEGM, the initial distribution
after a transfer can be updated without approximation before solving for equilibrium prices.
Feeding this new distribution into the linearized state-space representation already gives a
response that is nonlinear in shock size. Accuracy improves further when we also account for
second-round income effects in the first few periods. Inside each updated period, aggregate
output, and thus income, is calculated from a scalar fixed point. The rest of the computation
remains the linear state-space solution. We call this method the Nonlinear DEGM Update
(NDU). It matches the fully nonlinear solution and is almost as fast as the linear solution.

Keeping the distribution as an explicit state is key. In the sequence-space implementation
considered here, a one-period savings correction fixes the impact response, but it does not track
the later dynamics of the corrected distribution; Appendix E reports this version. In state
space, the distribution remains an integral part of the description of the economy. The linear
distribution update can therefore be replaced by the exact DEGM update for one or a few
periods, and the correction affects the entire future path. Extending the exact-update window

improves the non-impact part of the response.



Quantitatively, NDU captures large-transfer nonlinearities at a cost close to that of a linear
solution. With a transfer of 10 percent of annual GDP, the first-quarter general-equilibrium
output response is 4.48 percent under the fully nonlinear solution, 11.96 percent under the
linearized solution, and 4.52 percent under NDU. Updating only the first-quarter distribution
matches the impact response, though small deviations remain later. Extending the window by a
few periods largely eliminates them.

Our second contribution is empirical: we introduce the zero-crossing curve, which combines
observed liquid wealth with model-implied consumption policies. For each transfer size, it
measures the fraction of households that begins with weakly negative liquid wealth and ends with
strictly positive liquid wealth after its consumption response. The curve directly disciplines the
distributional margin behind the aggregate nonlinearity. In the SCF, 17.6 percent of households
have negative liquid wealth, another 6.7 percent have zero liquid wealth, and the distribution is
asymmetric around zero: shallow debt is sparse, while small positive wealth positions are dense.

Two workhorse specifications do not reproduce this pattern: a model with a zero borrowing
limit (for example, Auclert et al., 2025; Bianchi and Kaplan, 2026) and a model with only a
borrowing wedge (for example, Kaplan and Violante, 2022; Bayer et al., 2019). Neither produces
the long, flat debt distribution observed in the data. As a result, both generate a flow across
zero that is too large and too abrupt. We show that a parsimonious debt-access friction delivers
the empirically observed asymmetry around zero liquid wealth. Incumbent borrowers retain
access, while non-borrowers either receive a waiver or pay a fixed cost to enter debt.!

Matching the crossing curve matters for the aggregate nonlinearity of transfers. Because
a large and dispersed share of households has negative or zero liquid wealth in the data, the
crossing of households depends on the size of the transfer. This produces a gap between nonlinear
and linearized solutions. The gap, however, is smaller than in the zero-debt setup of Bianchi
and Kaplan (2026). A transfer equal to 5 percent of annual GDP moves about 18 percent of
households from weakly negative to strictly positive liquid wealth. Doubling the transfer to
10 percent raises the crossing share to only about 21 percent, so the curve becomes flatter as
transfers grow. NDU uses the exact CDF update to capture this distributional nonlinearity.

The transfer-size effect has direct precedents in household evidence and quantitative con-
sumption models. Kaplan and Violante (2014b) find that the consumption response to the 2008
stimulus payments was about one-third smaller than in 2001, mainly because the 2008 payments
were larger. Using Norwegian lottery prizes, Fagereng et al. (2021) show that MPCs decline with
prize size and liquid wealth. Survey evidence likewise shows that larger windfalls have smaller
impact MPCs but more persistent spending effects (Jappelli et al., 2026). Direct evidence also
shows that households use transfers to deleverage. Agarwal et al. (2007) find that recipients
initially used the 2001 tax rebates to reduce credit-card debt before increasing spending, while
Kosar et al. (2025) document a large marginal propensity to repay debt among households with
low net wealth relative to income and rationalize it with borrowing rates that increase with
debt. This literature establishes that both shock size and the timing of household spending

'Related models use stochastic credit limits (Fulford, 2015) or explicit applications and persistent lending
relationships (Herkenhoff, 2019). The fixed cost also provides a possible rationalization of coholding: with separate
gross positions, households may keep borrowing access while holding liquid assets (Boutros and Mijakovic, 2024).



matter.? Bianchi and Kaplan (2026) show why this fact creates a problem for local solution
methods in HANK models. Our contribution is to identify the distributional object behind this
problem—the mass of households that crosses the high-MPC boundary—and discipline it with
the liquid-wealth distribution.

Two contemporaneous papers clarify the scope of this problem. Auclert et al. (2026) show
that third-order perturbation is accurate in a smooth HANK model for many shocks. They
also find that its largest errors arise for large, one-time lump-sum transfers and their impact
effects, which is precisely the experiment studied here. Guerreiro et al. (2026) provide suggestive
aggregate evidence that larger temporary transfers have smaller effects per dollar. Our paper
is complementary to both. We show how to compute this difficult transfer experiment at
near-linear cost and how its size dependence changes when the liquid-wealth distribution near
zero is matched to the data.

Our new method, NDU, is related to methods that improve local solutions away from the
steady state. Evans and Phillips (2017) linearize around the current state, and Mennuni et al.
(2025) compute time-varying first-order approximations along the equilibrium path. Andreasen
and Kronborg (2022) instead combine a nonlinear extended-path calculation with perturbation
corrections.> NDU takes a more directed approach. It does not recompute policy derivatives or
solve the full nonlinear path. It keeps the steady-state first-order decision rule fixed, replaces
only the distribution transition and the associated aggregate-savings equation by their exact
nonlinear counterparts, and passes the corrected distribution to the original linear continuation.

The remainder of the paper proceeds as follows. Sections 2 and 3 develop the distributional
argument: modeling the distribution as a CDF allows us to write the Kolmogorov Forward
Equation update as a closed-form function of a transfer that moves households from high-
to low-MPC policy branches. Section 4 gives the state-space representation, and Section 5
develops NDU. Section 6 presents the quantitative evidence in three steps. It first measures
the zero-crossing flow, then studies the partial-equilibrium consumption response, and finally
compares NDU with the linear and fully nonlinear general-equilibrium solutions. Appendix A
states the full economic model. Appendix B documents the calibration and empirical mapping.
Appendix C gives the complete state-space implementation, Appendix D extends the policy-
boundary analysis to debt-entry costs, and Appendix E develops a sequence-space analogue
to NDU but also shows that this fails to achieve the precision gain of the state-space version

because it does not iterate the distributional adjustments forward.

2 The Distribution-Function Update

Consider an economy with a continuum of households that face uninsurable income risk and
accumulate an asset a to self-insure. Households can also differ persistently in preferences or
productivity. The rest of the economy is a standard New Keynesian environment: firms hire

workers and produce, the government issues debt and levies taxes, and the central bank controls

2 Additional survey evidence documents extensive-margin adjustment, size dependence, and strong heterogeneity
in spending responses (Fuster et al., 2021), as well as sign and size asymmetries in responses to transitory income
shocks (Christelis et al., 2019).

3Similarly, den Haan et al. (2016) solve the current equations nonlinearly while using a Taylor approximation
for future behavior.



the nominal return on the asset. Appendix B gives the calibration, and Appendix C gives the
complete implementation.

We focus first on the household side and consider a transfer from the government. Time is
discrete, and the distribution carried into a period is the beginning-of-period asset CDF. Let
Fg(a) = Pr(A < a | 6) denote the share of households in persistent state § € © whose assets are
weakly below a*, and let u(df) be the population measure over these states. Cash-on-hand is

obtained from assets through the monotone map

R, a >0,
x = ¢gr(a) = R(a)a + tor, R(a) := (1)
R+ pg, a<0,

where g, is current income conditional on transitory-income draw k, which occurs with probability
wg, R is the gross asset return, and pg is the interest-rate wedge for negative asset holdings.

Thus the beginning-of-period cash-on-hand CDF can be derived from the asset CDF as

q — Lok
R y 4 — Lok Z 07
Ff(g) = Y wnFy (65 (@), gl @) =14, 2)
k y g —tgr <O0.
R+ po

For a common gross return R and abstracting from transitory-income draws, Equation (2)
reduces to Fjf(q) = F§((q — tg)/R). For readability, we write Fy := F and use fy for its density
throughout this section. The state-space representation later returns to the asset CDF F, which
is the distributional state of the model.’

Let go(z) denote the end-of-period asset policy at given prices. Conditional on persistent
type 69, it maps current cash-on-hand into next period’s assets. To describe a policy boundary

generally, suppose

ge(:c) _ ga_(l“), x < 5697 (3)

g;(l’), T > Xy,

where the two branches meet continuously at the type-specific cash-on-hand threshold zg, with

95 (Zo) = g4 (T9) = ao.

Away from flat segments, each branch is strictly increasing. Consumption is ¢j(z) = = — gg (x),
and the MPC on branch j € {—,+} is

my(z) =1— g} (x). (4)

“We use the left-limit notation Fg'(a™) = Pr(A < a | #) whenever the underlying choice inequality is strict.

5The conditioning on # matters because a conditional distribution can have mass points, for example at a
borrowing limit. The aggregate CDF integrates these conditional distributions over the type-income measure p.
As in Bayer et al. (2026), a continuous income component mixes them, so a cutoff that coincides with a mass
point for one type is a measure-zero event in the aggregate integral.

5The notation in this and the next section treats 6 as the index of the current policy that a household faces. In
the full model with debt-entry cost &, this index is augmented by beginning-of-period borrower status and an iid
waiver draw. The measure p then includes their probabilities. Furthermore, while the continuous-policy argument
below uses ¢ = © — g, for a non-waived entrant the corresponding identity is ¢ = z — k — g. See Appendix A.3.




The economically relevant case has my (Z, ) > my (74 ), where the superscripts — and + denote
one-sided limits: the threshold separates a high-MPC region from a low-MPC region. A hard
borrowing constraint is the special case g, (z) = a, so ag = a and m, = 1.

Given this policy, a transfer of size A shifts cash-on-hand to x + A. The distribution after

the policy choice is the distribution of end-of-period assets,
Fga(d') =Pr(go(x+A) < d). (5)

On either strictly increasing branch, the post-policy CDF is obtained by going back to the

cash-on-hand level that chooses a':
Fiala)=F () ") - 4), j= - (6)

At the policy boundary itself,”
Fy'alag) = Fy (Tg — A). (7)

Equations (6)—(7) are the DEGM forward step of Bayer et al. (2026): they produce the
end-of-period asset CDF 159“ A by evaluating the derived cash-on-hand CDEF at the points that

map into the asset grid. At a hard borrowing limit, this graph contains the point
(a, Fy(zg — A))
and the slack-branch points
(95 (Xi+ D), Fp(Xi)),  Xi>z9— A

where X; denotes a cash-on-hand grid node. A smooth monotone interpolant of the CDF
over these points approximates the continuous KFE. Two features of this representation carry
the rest of the paper. First, the update is differentiable in aggregates such as A, so Taylor
expansions apply to the transition. Second, the update is closed-form in A: given the beginning-
of-period CDF Fjy, the exact nonlinear transition requires only one set of CDF evaluations at

the corresponding shifted cash-on-hand points.

3 Policy-Boundary Crossing Terms

The preceding section shows how a transfer moves the asset distribution. We now show how

that movement affects aggregate consumption when households cross a boundary between policy

"The following formula also covers a hard borrowing limit with a slight adjustment. When gy (x) = a, the
lower branch is flat rather than invertible, and (7) becomes the mass at the constraint:

Fgaa) = Fp (o — A).



branches. Aggregate first-period consumption is®

_ /@ / cola + A) dFy(z) u(do). 9)

Differentiating this expression produces two kinds of terms: changes within each policy branch
and changes in the mass of households on each branch. We refer to the latter as boundary-flow

terms.?

Proposition 1 (Policy-boundary crossing terms). Let Cy(A) denote the conditional type-6
contribution to (9). For p-almost every 6, suppose the continuous part of Fy has a differentiable
density at the moved cutoff qo(A) = Tg — A, and any mass points are isolated. Suppose the set
of 0 for which qg(A) coincides with such a mass point has p-measure zero. Suppose the two
consumption branches are continuous at Ty and sufficiently smooth away from it. Then, for

reqular 6 where fo(Zg — A) exists,

Cp(A) = l/xeA my (x 4+ A)dFy(x) + - my (z+ A)dFy(z)| (10)

—00 Tog—A

and
Cy(A) = [m;@;) - m;@;)} fo(Eo — A)
+/ JZ + A)ng( )

/ @+ A)dFy(). (11)
To— A

Under the corresponding integrability conditions, aggregate derivatives are obtained by integrating

these expressions over u(de).

Proof. Let qg(A) = g — A. Split the type-6 contribution at the moving cutoff:

coar= ["V g ayan@ + [T et )R (12)
—o0 q0(A)

When we differentiate, the moving limits produce boundary terms. They cancel in the first

derivative because consumption is continuous at the threshold. What remains is the average

MPC on each side, which gives (10). Differentiating once more with Leibniz’ rule gives (11): the

new boundary term is the change in the MPC across the threshold, multiplied by the density at

the moved cutoff. Integrating over 8 gives the aggregate derivative. The mass-point exceptions

do not contribute because the set of affected types has py-measure zero. O

8Equivalently, consumption equals aggregate resources minus aggregate end-of-period saving,

oA / / a' dFg A(a) p(do) — EC(A), (8)

where X(A) = [, o J(z + A)dFy(z) u(d6) is aggregate cash-on-hand including the transfer and EC(A) denotes
resources used for debt entry. See Section 6.2.

9Proposition 1 covers the model without a debt entry cost. A debt entry cost introduces jumps in consumption
at the entry thresholds xj. The boundary terms then no longer cancel in the first derivative. Appendix D.1 states
and proves the version for discontinuous policies in our stochastic entry-cost model.



For a regular type, the leading nonlinearity from movement across the policy boundary is
therefore
mg (Zg) —mg (z4)) fo(ze — A) (13)
0 \"0 0 \"0 o\Lo :
This is the boundary-flow term. Since the MPC falls across the threshold, it is negative. It is
generally nonzero even though the set exactly at the kink has measure zero, because the cutoff
moves through a positive density of households. The hard borrowing-constraint result is nested

as my = 1, in which case (13) reduces to —[1 — my (Z;)] fo(Zg — A).

Remark 1. FEven if both individual consumption branches are linear, aggregate higher-order
derivatives need not be zero. A transfer changes which households lie on each branch, and the

CDF update evaluates the mass swept through the moved cutoff.

3.1 A Minimal Example of Distributional Nonlinearity

The distributional origin of the higher-order terms is transparent when both individual policy

branches are linear. Suppose

<1. (14)

ag + <y (x — xg), x < Ty, _
90() :{ < ;

ag + <5 (x — Zp), x> Tp,

The two branches meet continuously, and their constant MPCs satisfy m, = 1—¢;, > m; = 1—§éIr .

Nevertheless the aggregate response is

A
Co(A) — C(0) = mi A+ (my —mi}) / Fy(itg — u) du. (15)
0
The nonlinearity is entirely distributional. Expanding the CDF around Zgy gives

Co(A) — Cp(0) = [m;r + (my —my ) Fp(Zg)

— 5(my = mi)folE)A% +

5 (myg —mg) f5(ze) A° + O(AY).  (16)

A
1
6
Thus aggregate curvature requires neither individual policy curvature nor an actual borrowing
constraint. It arises from the mass moved across a policy boundary and the MPC difference
between the two branches. The borrowing-constraint example corresponds to ¢, = 0, or m, = 1.
With heterogeneous types, the aggregate expansion integrates (16) over u(df).

The exact boundary Ty is nevertheless type-specific and model-dependent. It varies with
preferences, income risk, and the household policy and is not directly observed in survey data.
Taking the mechanism to the data therefore requires a common balance-sheet threshold that
is measured consistently and captures, on average, movement from a high-MPC region to a
lower-MPC region. Section 6.1 uses zero liquid wealth for this purpose and measures how quickly

households cross it as transfers increase.



4 A State-Space Solution

We solve the sticky-wage HANK economy of Bianchi and Kaplan (2026) with the cross-sectional
distribution as an explicit state (Reiter, 2009). Our baseline debt model permits negative assets
and charges some non-borrowers a fixed cost when they enter debt. Modeling debt with a
wedge creates a discrete mass at zero and requires us to track the mass strictly below zero
separately. The fixed debt-entry cost additionally requires the tracking of control variables that
govern the debt-entry decision for every type. We keep the description of the state space short
here; Appendices A and C state the household problem, policy branches, distribution transition,
resource costs, and equilibrium conditions needed to reconstruct the implementation in detail.

Appendix B gives the calibration.

States and controls. Let h = (discount-factor type, z) index the combined permanent-type
and persistent-income state, with transition matrix II,y/, stationary population mass py, and
Ny values. Unlike the conditional CDFs used in Sections 2-3, each numerical CDF column is
joint: Fip(a) = Pr(ar < a,hy = h). It therefore ends at pp, rather than at one. The state vector

st stacks

e the distribution coordinates S;: deviations of the beginning-of-period joint CDF columns
F; j(a) from their steady-state values, at every interior asset grid node—the distribution at

full grid resolution—and, in debt models, the joint borrower masses mfh =Fip (07).10

o the lagged real rate ria’g = ry_1 — 7, which converts beginning-of-period assets into cash-on-
hand;

e a one-time MIT shock state ¢; that carries the transfer innovation into the fiscal rule.

The controls y; stack a compressed representation dc; of the consumption-policy deviations and the
aggregates (By, Ay, A, , Y1, Cy, my, iy, v, Ty). Here By is government debt, A; is aggregate beginning-
of-period household assets, A; < 0 is their negative part, Y; is output, C; is consumption, m; is
inflation, i; and r; are the net nominal and real rates, T} is the transfer, and the constant G
is government spending. Bars denote steady-state values, and the gross saving return satisfies
R=1+7and Ry = R+ (r—1 — 7). With a fixed entry cost, the controls also include the
boundary premium .J; and the left-limit marginal value M for every state h. These boundary
controls close the backward household problem; the endogenous entry threshold itself is recovered

by value matching and substituted into the equilibrium system.

The DEGM transition as the distributional law of motion. The distribution block’s
law of motion is the discretized KFE in the CDF representation of Section 2. To show its basic
logic, first consider a policy branch without an entry cost. The timing is as follows. Fyj, is the
beginning-of-period joint CDF column for assets carried into period ¢t. A household in state h,
with transitory draw k and beginning assets a, has cash-on-hand x = R(a)a + ¢ (Y;, T;) and

saves a’' = x — ¢(x).

10Gince we solve the model first-order, we do not have to use any dimensionality reduction for the distribution.
Bayer and Luetticke (2020) propose reductions that make the state-space method as fast as sequence-space solution
methods.



Current income is ¢, (Y, T) = (1 — T)wp Y + T, where 7 is the labor-income tax, wy,j is
labor efficiency, and wy, is the probability of draw k. Aggregate labor income is (1 — 7)wY’, with
W=D}, Ph >t WkWh = 1 under the income-process normalization. The gross return depends
on the sign of beginning assets: R(a) = R; + pol{a < 0}.

By the endogenous-grid construction (Carroll, 2006), the cash-on-hand threshold z; j, at which
the household chooses exactly @’ = a; is known. Because saving is monotone in cash-on-hand,

Tip—1L
%7 ZTjn — thk = 0,
/ pre pre t
a <aj = a<ag,y, ap g = i — th (17)
ﬂ’ l’j7h - Lth < 0.
The sign of x5 — i determines the return side because it is also the sign of beginning assets.
The end-of-period savings CDF column for current state h therefore has a closed-form, piecewise

formula: evaluate the interpolated beginning-of-period CDF column at a;l;ik,

Fijp=> w Ft,h(aifk) , Fopijp =Y My Fip = T(Fy 2, 0, Re)jp s (18)
% h

where Ft,h is a monotone-cubic interpolant of column A and wy are the transitory-draw weights.
In the debt-entry model, this expression is evaluated separately on the negative and nonnegative
sides. Incumbent borrowers, waived non-borrowers, and non-waived non-borrowers have different
beginning-asset thresholds; the last group chooses among entering debt, remaining at zero, and
saving. The transition therefore advances both the full CDF and m®”. Appendix C gives the
complete mapping that treats the two sides separately. Aggregate total and negative assets,

A[F] and A™[F], follow from the same CDF interpolants by integration by parts.

The stacked equilibrium system. We next combine the distribution transition with house-

hold optimality and the aggregate equilibrium conditions. An equilibrium path {s;, y;} satisfies

E¢ F(st, Yty St+1, Y1) = 0, (19)

with one row per condition. Grouping the conditions by economic block,

(Fpy1,mB1) - T (Ft, mP; T+ deg, Jy, MY, Yy, T, Rt) (distribution: KFE rows)
Ay — A[F,mP), Ay — AT[F,mP],  EC;— ke(Fy,mP;---)  (distribution aggregates)
dey — E(degyr, Y1, T, 1), MY — M(MP, ) (household policy: Euler rows)
F= Jp — j(dct+1, Joe1, MO, Vi, Than, rt) (boundary-value rows) ,
Cy — [RtAt +poA; + (1 —71wYy + Ty — EC, — Atﬂ} (household budget)
Y; — Cy — G+ poA; — ECy, Ai1— By (goods and bond clearing)
Phillips, Taylor, Fisher, fiscal rule (macro rows)

(20)

where £ is the household block’s backward Euler operator, while J and M are the boundary
recursions for the debt entry-cost decision, which we define in Appendix C. Conditional on

(dey, Jy, MP™), value matching recovers the entry threshold x}; the function e(-) is the resulting



mass of non-waived entrants and FCy = rke;. Since A, < 0, intermediation costs are —pgA; > 0;
both intermediation and entry costs are wasted, i.e. they absorb goods. Combining the household
budget with goods and bond clearing gives the aggregate-savings row on which NDU operates.
The nonlinear operator 7 determines A;y1, A, ;, and the entry flow, so it affects both the

distribution law and aggregate resource clearing.

Linearization. The linear solution replaces every row of (20) by its first-order expansion
around the steady state and solves the resulting linear system, giving the decision rule and law

of motion

Yt = GsSt, St+1 = hgst. (21)

We write dZ; for the first-order deviation of any variable Z;. In particular, the linearized

aggregate-savings row reads
dY; = RA[Fy)dS;+ Adri™ + (1 — P)wdY; +dT; — dA[T], (22)

Here A’[Fss)dS; is the derivative of the current-asset functional at the steady-state distribution.
The term d A[T] is the first-order change in end-of-period saving. More precisely, it is the
derivative of A[T(F; & + dc, ¢, R)] with respect to each argument, evaluated at the steady state
and applied to (dSy, det, dYy, driag , dT}). The vector Z collects the steady-state endogenous-grid
cash-on-hand nodes.

This saving term is where the linear solution replaces the moved cutoff F/(z — A) by its
tangent. The purely linear solution applies (21) from ¢ = 1 with s; = A e., where e is the unit
vector selecting the one-time shock state. Section 6 shows how this approximation affects both

the impact response and the subsequent transition path.

5 The Nonlinear DEGM Update

The nonlinear DEGM update (NDU) keeps the linear solution for future movements and for
the household policy, but uses the exact equations where the shock causes a large shift in the
distribution. For period 1—the impact period of the unanticipated transfer—it takes the system

(20) and replaces two parts by their exact nonlinear counterparts:

o the distribution rows: instead of the linearized law of motion (the first block of (20) expanded
to first order), the period-2 distribution is the exact image (Fy, m¥) = T (Fss,m5; T +
dey, Ju, M?77 L(}/ia T1)7 R)a

o the aggregate-savings row: instead of the linearized goods-market condition (22), in which
the savings aggregate enters through its differential d A[T], period-1 output clears the
market against the exact savings aggregate A[T (+)] itself.

Every other row stays first-order. NDU therefore does not recompute the perturbation around
the updated distribution: ¢, and hs; remain the matrices obtained at the steady state. In
particular, the Euler rows are not replaced: the period-1 household policy still comes from

the linear decision rule g;. Because the distribution is a state, the exact Fy produced by the

10



replaced distribution row can be passed directly to the linear continuation. This is how NDU
propagates: the corrected distribution is carried forward by hs and shapes every subsequent

period. Operationally, the period-1 solve proceeds in three steps.

5.1 Impact NDU step by step

Step 1: First-order policy. The period-1 state is s; = Ae.: households start at the steady-
state distribution, the predetermined return is fixed at Ry = R, and only the shock state changes.
The period-1 consumption-policy and boundary-control deviations follow from the corresponding

rows of the linear decision rule,
(der, d Ty, dMP™) = A (g8, g7, g{™)e. (23)

Because gs solves the full forward-looking system, dc; contains the linear path’s response to
future prices (i.e., we linearize substitution effects and expectations). However, we let today’s
income enter separately, through ¢(Y1,T + A), inside the distribution update, i.e., we keep

contemporaneous income effects potentially nonlinear.

Step 2: Exact one-dimensional goods-market clearing. Given dci, period-1 end-of-
period saving is the asset aggregate of the exact DEGM transition at the shifted thresholds
T+ dcy,

Ao(V1) = A[T (Foo,mBs @+ der, Ju, MY ,u(V1, T+ A), R)], (24)

consumption follows from the aggregate budget identity,

C1(Y1) = RA+ ppA~ + (1 = 1)wY1 + T+ A — EC1 (Y1) — Ay(Y1),

and impact output solves the scalar goods-market condition

Y] = C1 (Y1) + G — ppA~ + EC1(Y1). (25)

Equation (25) is the aggregate-savings row of (20), restored to its exact form: comparing with
the linearized row (22), the first-order saving term d A[7T] has been replaced by the full nonlinear
savings aggregate As(Y1). The row’s remaining terms—returns on beginning-of-period assets,
labor income, and the transfer—are linear and therefore unchanged. Since prices and the policy
are fixed inside this solve, the replacement turns the row into a one-dimensional equation in Y.
The transition 7 then captures the full nonlinearity caused by households moving across the

policy regions summarized by the zero-crossing curve in Panel (a) of Figure 1.

Proposition 2 (Monotonicity and uniqueness of scalar clearing). Let H(Y;) = Y1 — ®(Y1),
where ®(Y1) = G — pgA~ + EC1(Y1) + C1(Y1), and hold the policy thresholds and return fived
inside the scalar solve. Suppose every fixed saving policy is nondecreasing in cash-on-hand and
(1 —7)w < 1. Then H is strictly increasing. Hence (25) has at most one solution; if H is
continuous on a bracket whose endpoints have opposite signs, it has exactly one solution in that

bracket.
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Proof sketch. Entry and intermediation costs cancel between the household budget and goods
clearing. Therefore ®(Y7) = K + (1 — 7)wY] — A2(Y7), where K collects terms independent of
Y1. If Y/ > Y, every household’s cash-on-hand weakly increases. Monotone saving policies imply
As(Y') > Ay(Y), including when the saving policy jumps upward at the entry threshold. It
follows that

HY)—HY)=[1-(1-71w](Y' =Y)+ A2(Y') — Ax(Y) > 0.

The existence statement then follows from continuity and the intermediate value theorem. [

In a model without debt-entry costs, ®'(Y1) equals (1 — 7) times the income-weighted
average MPC of the households whose saving decision moves with output. Each iteration of
® therefore adds one round of induced spending, and the fixed point sums the within-period
Keynesian-cross multiplier. The debt-entry policy instead has jumps at cash-on-hand thresholds
xy. The associated boundary-flow term can make A5(Y7) larger than the within-branch bound,
so the Keynesian-cross map need not be a contraction even though the residual remains strictly

increasing.'!

Step 3: Prices and continuation. Given Y7, the wage Phillips curve, Taylor rule, and
Fisher equation determine the remaining period-1 prices. Expected inflation 75 comes from
the linear continuation evaluated at the continuation state. Because that state carries r;
in its lagged-rate coordinate, a closed-form two-variable linear system determines (r1,ms).'2
Debt satisfies bond clearing, B1 = As, equivalently the government budget identity implied
by the other market-clearing conditions. The replaced distribution row delivers (Fh, m%) =

T (Fss,mB:2 4+ dey, Jy, MY, 1(Yy, T + A), R), and the state
s =[82 — Sss; m1—17; 0],

where Sy contains both Fy and m#. This state is passed to the linear continuation (21) for all
t > 2: from period 2 on, every row of the system is again its linearized version, but it operates
on a state that contains the exact period-1 distribution shift.

The one-period update corrects the impact distribution and then hands that distribution
to the linear continuation. NDU(K) extends the same idea to later quarters in which the

distribution remains far from steady state.!?

"The baseline implementation therefore solves H (Y1) = 0 by safeguarded Newton/bisection rather than relying
on Picard iteration.

12The 2 x 2 system is

=T+ ¢rkug + (‘bWﬁ_ - R)T"?v T2 = 9§W)52(T1)>

Here g = v/(Y1)—(1—7)u/(C1) is the wage-Phillips gap. The equations used are the Phillips curve m1 = £y, g+ 08 72,
the Taylor rule i1 = 7 + ¢»m1, and the linearized Fisher equation r1 — 7 = (i1 — ) — Rms. The period-2 state
s2(r1) depends affinely on r1 through its lagged-rate coordinate.

13We also experimented with a sequence space version of the algorithm, see Appendix E. Since the standard
sequence space approach gains its feasibility from restricting itself to the explicit treatment of aggregates (and only
propagates the distribution internally), there is no direct analogue to NDU, but only the possibility to solve some
periods nonlinearly. This cannot propagate the distributional adjustment and thus creates stronger deviations to
the nonlinear solution after the impact period.
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5.2 NDU(K): Window Lengths

NDU(K) extends the exact treatment from one period to a window of K periods. The idea
is simple: because the distribution is a state, the method moves it with the exact update for
t=1,..., K, one quarter at a time. Equivalently, the two row replacements of Section 5—the
distribution rows and the aggregate-savings row—are applied in each of the first K quarters
rather than only on impact. Household policies remain first-order throughout the window. The
nonlinear movement of the distribution captures the part of the aggregate saving response that

the linear update misses.

The window pass. Fort=1,..., K, repeat the same within-quarter calculation, but start

from the quantities solved in the previous quarter rather than from the steady state:

1. Inputs. Beginning-of-period distribution coordinates S; = (Fy, mP) (with S; = Sgs); the
gross return Ry = R + (141 — 7), fixed by the previous quarter’s price closure; and the
transfer level from the fiscal rule on realized debt, Ty = T 4+ Al[t=1] — ¢p7 (B;_1 — B).

2. First-order policy at the corrected state. Evaluate (det,dJy, dMP™ ) = (ggc),gg‘]), ggM))st with

s¢ = [Sy — Sss; 11 — 73 &¢ ], and set J; = J + dJ;, M) = MO + dMQ". This is the
linear decision rule evaluated at the exactly transitioned distribution and is the natural

generalization of (23).

3. Ezact scalar clearing. Solve Y; from the goods-market condition with saving A[T (Fy, mP; z +
deg, Jy, MY~ (Y3, Ty), Ry)]. Proposition 2 applies with F; in place of Fy,: as long as the
fixed saving maps remain nondecreasing, the scalar residual is strictly increasing. We use

the same safeguarded Newton/bisection routine in every quarter.

4. Advance ezactly. Set (Fip1,mP ) = T(F,mP;z + dey, Jy, MY~ ,1(Y*, Ty), Ry), obtain debt
from bond clearing and r; from the price closure, and use these values as the next quarter’s

inputs.

After quarter K the state sx11 = [Sk+1 — Sss; 'k — 75 0] is passed to (21) exactly as before.

The only forward-looking term. Everything in the window pass is backward-looking except
expected inflation E;7y; in the Phillips-curve/Fisher block. We solve this K-vector by iteration.
The distribution is not another fixed-point unknown: for every candidate inflation path, the
exact DEGM map advances it once and returns the associated consumption, intermediation cost,
and entry flow.

We initialize expected inflation with the linear path, run the window, replace each expected-
inflation value with the inflation rate implied by that run, and repeat until the values stop
changing. At the window boundary, w1 comes from the linear continuation at the continuation
state. Thus inflation is the only intertemporal fixed-point variable at each window date, even

though it depends on the full distribution through aggregate consumption.

13



What the window does and does not correct. The window corrects the distribution
movement in every quarter it covers. It does not re-solve household policies. Policies inside
the window come from g, so their response to future prices is still first-order. This leaves a
separate error from using first-order household expectations. Section 6 measures the size of this

remaining error.

6 Quantitative Results

This section connects the transfer-induced shift in the distribution to the aggregate transfer
response. We proceed in three steps. First, we measure how transfers move households across
zero liquid wealth in the model and the SCF. Second, we hold prices fixed and isolate the
resulting nonlinearity in household consumption. Third, we allow prices and income to adjust

and compare NDU with the linear and fully nonlinear general-equilibrium solutions.

6.1 The Zero-Crossing Flow

For type 6, a transfer moves the mass
Fy(zg) — Fp(zg — A)

from the high-MPC branch to the low-MPC branch. The exact policy boundary zy differs
across households and is not observed in survey data. We therefore use zero liquid wealth as a
common empirical boundary. The zero-crossing curve reports, for each transfer size, the share
of households that begins with weakly negative liquid wealth and ends with strictly positive
liquid wealth after its consumption response.'®

We do not assume that zero is every household’s exact policy kink. It is a common
observable balance-sheet boundary, and in every model variant households at or below zero have
a substantially higher average MPC than households above it. The comparison is reported in
Table B.7. The crossing curve is therefore a diagnostic of the distributional source of curvature,
not a sufficient statistic for aggregate consumption.

Taking this statistic to the model first requires household debt. The Bianchi—Kaplan
calibration has a zero borrowing limit and therefore cannot represent the 17.6 percent of SCF
households with negative liquid wealth. It instead places households that would like to borrow at
a mass point at zero. A transfer moves much of this mass at once, so the model cannot generate
the gradual flow from negative to positive wealth seen in the data.

We study this issue with a ladder of four models. No debt is the Bianchi-Kaplan calibration.
Debt access adds a borrowing-rate wedge and a fixed debt-entry cost while retaining the original
income process and equal preference-type masses. Debt + preference recalibration keeps that
income process but recalibrates the discount-factor support, type masses, and debt parameters.
Debt + preference and income-process recalibration also recalibrates the income process and is

our baseline debt model. Appendix B reports the parameters, targets, and fit of all four variants.

4 One can also update household expectations inside the window. We leave this extension for future work.
15 Appendix B.5.2 reports the exact construction for each model variant.
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Figure 1: Zero-crossing shares and liquid-wealth CDFs around zero.

Notes: Panel (a) shows the share of households that moves from weakly negative to strictly positive liquid
wealth; the threshold is exactly zero. The black SCF line is the pointwise mean of four estimates obtained
by applying each model’s policies and income process to the SCF distribution; the shaded band spans their
pointwise minimum and maximum. Panel (b) shows stationary liquid-wealth CDFs over [—8, 8] percent of
annual GDP; vertical segments show point masses at zero. Colors and line styles identify the same variants
in both panels. Appendices B.5 and B.5.2 give definitions and construction details.

Panel (a) of Figure 1 shows the zero-crossing curves. In the no-debt model, the zero mass
crosses abruptly, after which its curve becomes nearly flat. Allowing debt creates a negative
tail, and the subsequent recalibrations move the model curve progressively closer to the SCF
curve. The SCF curve is constructed by applying the policy functions from the four model
variants to the observed liquid-wealth distribution and computing the resulting post-transfer
shifts. The implied SCF crossing curve barely changes across variants. It is therefore, to a
close approximation, a direct reading of the liquid-wealth distribution around zero rather than a
consequence of a particular model policy.

Panel (b) shows that the baseline debt model best matches the liquid-wealth distribution
around zero. Among the debt specifications, the RMSE across 14 distributional moments falls
from 4.68 percentage points in the debt-access model to 0.96 percentage points in the baseline
debt model (Table B.6).

Debt alone is not enough to match the local shape of the distribution. The SCF contains
relatively little shallow debt but a dense region of small positive wealth. A borrowing wedge
changes desired debt positions but does not create a discrete barrier to taking a small loan. A
fixed entry cost does. Households close to the margin remain at zero or just above it, while
households that pay the cost choose a nontrivial negative position. The boundary-flow term
(13) that we derive analytically illustrates the importance of placing mass on both sides of the

threshold in line with the data for generating the correct crossing shares in the model.'6

16 Appendix B.3 compares this mechanism with a wedge-only model. We interpret the entry cost as a reduced
form for debt-access margins; the data identify the asymmetry around zero, not a particular institutional source
of that asymmetry.
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Figure 2: Partial-equilibrium impact consumption responses.

Notes: Prices and policies remain at their steady-state values. Panel (a) compares the nonlinear and linear
impact responses in the baseline debt and no-debt models. The Nonlinear DEGM Update (NDU) computes
the baseline-model response from the shifted distribution using (27) and the resource constraint. Panel
(b) reports nonlinear minus linear within each model; negative values mean that the linear approximation
overstates the response. Transfers, consumption responses, and gaps are percentages of annual GDP.

6.2 Partial-Equilibrium Responses

Prices remain at their steady-state values, and households receive an unanticipated one-time
transfer of size A. Because the continuation problem is unchanged, the impact consumption and
saving policies are exactly their steady-state policies, cy and gy. This experiment isolates the
effect of moving the initial distribution across policy boundaries.

The impact response can be computed in two equivalent ways:

/ / colz + A) dFy(x) p(db) (26)
= x) = [ [ aole+2) dFo(a) nia0) - BO(A)

/ / o' dFg A (') u(dh) — EC(A), (27)

where X(A) = [g [(z + A)dFy(z) n(df) is aggregate cash-on-hand including the transfer.
The first hne integrates the consumption policy at shifted cash-on-hand over the stationary
distribution. The second line uses the household budget identity, including the entry cost paid
by non-waived entrants. The third line changes variables from cash-on-hand to end-of-period
assets. The distribution ﬁ’ga A Is exactly the shifted distribution produced by (6)—(7). In the
debt-entry calibration, FC(A) = ke(A), with the entry flow defined in (50).

The two expressions are identical, but they use different intermediate calculations. Equa-
tion (26) interpolates the consumption policy while keeping the initial distribution fixed. Equa-
tion (27) interpolates the updated CDF on a fixed asset grid and then recovers consumption from
the resource constraint. Their agreement therefore tests the DEGM change of variables. The
second representation is also the one needed for NDU: the shifted distribution is an aggregate
state that can be passed directly to the linear state-space model.

Panel (a) of Figure 2 first compares the two models under the same nonlinear solution. The

16



Table 1: First-quarter output response: state-space methods

Transfer size Nonlinear Linear NDU(1) NDU(6)

0.5% GDP 0.390  0.598 0.383 0.383
1.0% GDP 0.698  1.196 0.685 0.685
2.0% GDP 1.293  2.392 1.273 1.273
5.0% GDP 2,775 5.980 2.724 2.724
10.0% GDP 4.481 11.961 4.523 4.523

Notes: Sticky-wage HANK economy, state-space solution, N4 = 120, log-log grid, T' = 150. Output
responses in percent deviation from steady state. “Nonlinear” is the fully nonlinear path solve; “Linear”
scales the first-order state-space impulse response. NDU(1) and NDU(6) share the identical period-1
solve, so their impacts coincide by construction; they differ over quarters 2—-K.

baseline debt model predicts less consumption at every reported transfer size. The difference
grows from 0.04 percent of annual GDP at a 0.5-percent transfer to 0.31 percent at a 20-percent
transfer. This is the partial-equilibrium implication of the gradual movement of indebted
households into the lower-MPC positive-wealth region.

Panel (a) also compares solution methods. The first-order response is the aggregate MPC
times the transfer and therefore misses the declining MPC along the crossing curve. By contrast,
the direct integral and the Nonlinear DEGM Update!” are visually indistinguishable: their
largest difference is 0.006 percent of annual GDP over the reported range. Panel (b) isolates
the resulting linearization gap. It is negative in both models and larger without debt, meaning
that the linear approximation overstates the nonlinear response. In the baseline debt model,
the overstatement is 55 percent at a 10-percent transfer and 82 percent at a 20-percent transfer.
The DEGM approach of shifting the distribution captures the distributional curvature exactly,
without needing to approximate the moved cutoff via expansion. Appendix D.3 reports the
same experiment, for both calibrations, in table form and adds the second-order approximation,
including the policy-boundary terms derived in Appendix D.1.

The partial-equilibrium exercise establishes two points. The transfer response is less concave
in the baseline debt model than in the no-debt model, but the linear approximation still
substantially overstates large transfers. At the same time, the DEGM distribution update
reproduces the nonlinear response almost exactly. We next embed this update in general
equilibrium, where output feeds back into household income and the corrected distribution

affects the entire transition path.

6.3 General-Equilibrium Responses

All state-space results use a 120-point log-log asset grid on [—1,4000], plain CDF state coordinates,
and first-order household policies inside the NDU window.'® The fully nonlinear benchmark
solves a transition path of length T = 150 using the same DEGM distribution update. The

linear, NDU, and nonlinear solutions therefore differ in how they treat the transfer-induced

"Tn partial equilibrium, the Nonlinear DEGM Update refers simply to computing aggregate consumption by
integrating over the shifted end-of-period asset distribution, as in Equation (27). No iteration is needed in that
case.

8 Bayer et al. (2026) show that DEGM converges much faster in the distribution than the lottery method.
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Figure 3: Output impulse responses: nonlinear benchmark and Nonlinear DEGM Update.

Notes: Panels (a) and (b) show one-time transfers equal to 5 and 10 percent of annual GDP. Green is the
fully nonlinear benchmark. NDU(1), in red, updates the first quarter nonlinearly and uses the linear law of
motion thereafter. NDU(4) and NDU(6), in orange and blue, extend the nonlinear update through quarters
4 and 6. Output is measured as a percentage deviation from steady state.

movement of the distribution, not in the underlying discretization.

Table 1 begins with the first-quarter output response. The linear solution substantially
overstates the effect of large transfers: relative to the nonlinear benchmark, its error is 116
percent at a 5-percent transfer and 167 percent at a 10-percent transfer. NDU(1) replaces
the first distribution transition and the corresponding goods-market equation by their exact
nonlinear versions. This removes nearly all of the impact error. Across transfer sizes up to 10
percent of annual GDP, the largest remaining difference is 5.1 basis points.

Panels (a) and (b) of Figure 3 show the full transition paths after transfers equal to 5
and 10 percent of annual GDP. In both panels, NDU(1) matches the nonlinear solution in
the first quarter, but its linear continuation lies above the benchmark during the next several
quarters. The separation is larger for the 10-percent transfer in Panel (b). The reason is that the
distribution remains far from steady state after impact. Handing it immediately to the linear law
of motion applies steady-state, tangent MPC behavior too early. NDU(4) and NDU(6) continue
to move the distribution with the exact update while this adjustment is largest, bringing the
output path progressively closer to the nonlinear benchmark in both panels.

Table 2 summarizes the accuracy and cost of this extension. The accuracy measure is the
largest absolute output difference from the nonlinear benchmark over the first five quarters.
NDU(1) removes the large impact error but leaves a visible continuation error. At a 10-percent
transfer, increasing the exact-update window from one to six quarters lowers the peak early-path

error from 0.377 to 0.079 percentage points. At smaller transfers, the remaining differences are
correspondingly smaller.
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Table 2: Early-path accuracy and per-shock cost of the Nonlinear DEGM Update

Peak early-path error (pp) Per-shock solve time (s)

Transfer size K=1 K=4 K=6 ‘ NDU(1) NDU(4) NDU(6) Nonlinear

0.5% GDP 0.007  0.003 0.003 0.35 1.53 3.29 262.05
1.0% GDP 0.041 0.009 0.004 0.32 1.59 3.22 8.03
5.0% GDP 0.123  0.043 0.015 0.33 1.73 3.61 326.42
10.0% GDP  0.377  0.187 0.079 0.32 1.42 3.24 187.76

Notes: Sticky-wage HANK economy, state-space solution, N4 = 120, log-log grid, T' = 150. Peak early-
path error is the maximum absolute output deviation from the nonlinear benchmark over quarters 1-5, in
percentage points. NDU times are per-transfer window solves, excluding the shared linear state-space
solution. Nonlinear times are the corresponding conditional benchmark cost: linear initial path plus
Newton solve; the computation time of the sequence-space Jacobian is excluded. Nonlinear times vary
with Newton convergence and include cases that stop with discretization residuals of roughly 10~6; NDU
times are stable across shock sizes. All times are measured after untimed warm-up evaluations with 8
Julia and 8 OpenBLAS threads.

The computational cost is stable across transfer sizes. NDU(6) takes about three seconds
per experiment, while the conditional nonlinear benchmark takes between 8 and 326 seconds.
Averaged across the four transfer sizes, the nonlinear transition costs 196 seconds and NDU(6)
costs 3.3 seconds. The expected-inflation iteration requires 12—-13 window passes for NDU(4) and
20 passes for NDU(6). Even with these passes, the nonlinear part of NDU remains a sequence
of distribution updates and scalar goods-market solves. It does not solve the full nonlinear

transition system. This distinction becomes more valuable as the household state space grows.

7 Conclusion

Large fiscal transfers are a challenge for linear methods in HANK models (Bianchi and Kaplan,
2026). The source of this nonlinearity is not policy-function curvature per se. Aggregate
consumption is an integral over the household distribution, and a transfer moves the high-MPC
threshold through that distribution. The key quantity is therefore the fraction of households
that cross the threshold. The DEGM representation of the KFE directly tracks this fraction by
expressing the nonlinear movement of the distribution as a closed-form update.

A state-space solution makes this update particularly useful because the corrected distribution
remains in the system. Our Nonlinear DEGM Update (NDU) replaces the linear distribution
transition and goods-market equation by their exact counterparts over a short window. Each
window quarter requires one CDF update and one scalar goods-market solve. In the fiscal-transfer
experiments, NDU matches the fully nonlinear solution on impact. With a six-quarter window,
it also closely follows the nonlinear IRFs over the full horizon, while adding only seconds per
experiment after a one-time linearization.

Beyond the solution method, we contribute a measurable target—the zero-crossing curve—
and show that household debt changes how transfer effects decline with size. The curve records
the share of households that a transfer moves from weakly negative to positive liquid wealth.

In the SCF, shallow debt is sparse and negative positions are dispersed away from zero, so the
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crossing share rises gradually with transfer size. Standard no-debt and borrowing-wedge models
miss this shape, whereas a stochastic debt-entry cost reproduces it. The resulting baseline debt
model remains in the conventional MPC range for transfers around $1,000 but predicts a smaller
response to large transfers because indebted households deleverage gradually into a lower-MPC
region. Large-transfer nonlinearities therefore depend not only on average MPCs, but also on

the distribution of liquid wealth around zero.
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A  Model

This appendix presents the economic model underlying the quantitative exercises. The model
builds on the sticky-wage HANK economy in Bianchi and Kaplan (2026) and extends it to allow
household debt.

The general formulation nests the four model variants used in the empirical comparison.
Appendix B defines and calibrates these variants and documents the empirical mapping, while
Appendix C provides the numerical implementation. We first describe the aggregate environment,

then the income process and the household decision problem.

A.1 Aggregate Environment

Time is discrete and starts at ¢ = 1.

Production. A representative competitive firm produces the final good using labor according

to the linear technology
Y; = Ny

Under the competitive linear technology, the real wage is normalized to one and firm profits are

Zero.

Households. Households have CRRA utility over consumption and separable disutility from
labor, with

u'(c) =c 7, v'(n) = xnl/”.

They trade a one-period liquid asset whose net supply is government debt. The gross return on
nonnegative beginning-of-period assets is Ry = 1 + r;_1, while negative positions face the gross
return R; + po.

Let A; denote aggregate beginning-of-period household assets and A; < 0 the aggregate of

negative individual asset positions. The borrowing wedge absorbs
IC; = —poA; >0
units of goods. Let e; denote the mass of households that pay the fixed debt-entry cost and let
EC; = key

be the associated resource cost. The income process, the household decision problem, and the

aggregation of e; are defined below.

Wage Phillips curve. Nominal wages are set by a representative labor union subject to

quadratic adjustment costs. The union uses the population-weighted mean discount factor

B=>"pnbh-
I
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Optimality condition implies the wage Phillips curve
Tt = Ry [’U/(Nt) — (1 — T)U/(Ct)] + Bﬂ—t-i-h (28)

where 7 is the proportional labor-income tax.
The wage Phillips curve depends on aggregate consumption, which cannot be set equal to
output net of government expenditure in models with debt since intermediation and debt-entry

costs absorb goods: Cy # Y; — G (G is constant government expenditure, see below).

Monetary and fiscal policy. The monetary authority sets the net nominal interest rate ;
according to a Taylor rule. The Taylor rule and Fisher equation determine the nominal and real

interest rates: ]
1+ 1t

it =T+ QnTy, 1+Tt=m7
t+

(29)

where 7 is the steady-state net real interest rate.

The government purchases G units of the final good, taxes labor income at rate 7, makes
the lump-sum transfer 73, and issues one-period debt. The transfer experiment is implemented
through

T=T+A, Tt=T—¢Bf(Bt,1—B), t>9, (30)

where A is the one-time transfer innovation and 7' and B denote steady-state transfers and
government debt.
Neither intermediation nor entry costs are government revenue. The government budget
constraint is therefore
Bi=14+r-1)Bi1+G+T, — 7Yy, (31)

where By is end-of-period government debt.

Aggregation and market clearing. Aggregating the household budget constraints and using

the normalization that average labor efficiency equals one gives
Ci=RiAi+poA; + (1 —=1)Y, + T, — EC, — Ap41. (32)
Goods and bond-market clearing require
Y; =Ci+ G+ IC; + ECy, A¢i1 = By (33)

Appendix B.1 reports the common macro calibration and steady-state normalization used in

the quantitative exercises.

A.2 Income Process and Household States

Household states. Households differ permanently in their discount factors and face persistent
and transitory labor-income risk. Let b € {1,..., Ng} index a permanent discount-factor type

with discount factor 5, and population mass pf , and let z; € Z denote the persistent income
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state. We combine these states as
ht = (b7 Zt)'

with a combined transition matrix 11 5, and stationary population mass py,.

Labor-income process. Following Bianchi and Kaplan (2026), we use the income-risk specifi-
cation discussed by Kaplan and Violante (2022): log labor efficiency is the sum of an infrequently

changing persistent component and an infrequent transitory component. In our notation,
log by = z; + €, — log Elexp(z: + €)] , (34)

so average labor efficiency is one. The expectation is taken under the stationary distributions of
the persistent and transitory components.
Let Q(¢., 072]) denote the transition associated with the AR(1) process

2= Qr2t-1 + My M ~ N(O,U%)~
To capture infrequent innovations, the transition used in the model is
P, = (1= M)+ XQ(¢z, 7). (35)

Thus, A, is the probability that the persistent state is refreshed; otherwise it remains unchanged.

A transitory shock occurs with probability A, so that

€ ~ N(—02/2,0%) with probability A, ¢ =0 with probability 1 — A. (36)

Let k index the transitory realizations €, with probabilities wi. The corresponding labor-

efficiency realization is
wh k= exp (z + € — logElexp(z: + €)]), (37)

where wy, ,, depends on h only through its persistent-income component z. Pre-tax labor income
in state (h, k) is
Yhk,t = WhkYr. (38)

The normalization in (34) implies
> pn Y wewnk =1, (39)
h k
so aggregate labor income equals Y;. The transitory realization k is not carried across periods

and therefore is not part of the persistent household state h. Appendix B reports the parameter

values and discretization used for the four model variants.
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A.3 Household Decision Problem and Debt Access

Debt access and timing. Households enter period ¢t with beginning-of-period assets a and
choose end-of-period assets a’ > a, where a < 0. Beginning-of-period borrower status provides
a reduced-form representation of persistent credit access without adding credit history as a
separate individual state. A household is an incumbent borrower exactly when a < 0. Incumbent
borrowers may continue borrowing or exit freely.

At the beginning of each period, a non-borrower with a > 0 enters an i.i.d. waiver-lottery.
Let ¢ denote the waiver-lottery outcome, where F' denotes the fee-free draw and K the draw

under which entering debt is costly:
q = F with probability A, q = K with probability 1 — .

With a waiver, the household may enter debt without paying the fixed cost. Without a waiver,
choosing a’ < 0 costs k units of consumption goods. Entry is the only event that incurs the cost:
continuing debt and returning to nonnegative assets are free.

Let ypi+ = wp 1 Y; denote pre-tax labor income in state (h, k). Define disposable nonasset

resources as
thiet = (1 = 7)yniy + T (40)

When time or state indices are suppressed, we write these objects as ypni, y, or tk.

Define the gross saving return Ry = 1 4 ;-1 and the return on beginning-of-period assets by
Rt(a) =R;+ pol{a < O} (41)

Cash-on-hand is then
Thit(a) = Ri(a)a + thp g (42)

Household problem. A household in state h, with discount factor S, solves

Vi (a) = mas {u(e) + BE Vi (@]} (13)
s.t. ctd =x-rk1{a>0, d <0, ¢g=K}. (44)

Here x = zpp4(a) is the present period’s cash-on-hand.
The choice @’ determines next period’s borrower status. If ' < 0, the household enters
the next period as an incumbent borrower and the new waiver draw is irrelevant; denote the

corresponding value by
B
Vit N (a') .

If ' > 0, the household enters as a non-borrower and draws a new waiver before choosing. Its

ex-ante value is therefore

Vt]Xl,h/<a/) = )‘Vtil,h’(a/) +(1-A) Vti{l,h’<a/)' (45)
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Thus,
VB . (d), a <0
V;‘,Jrl,h’(a,) — ]"'\‘] s ) ) (46)
‘/;+17h/(a/), (Z, Z 0.
The expectation in (43) is thus over the next persistent state h’ and transitory-income realization

k', and the waiver-lottery if a’ > 0.

Policy branches. Incumbent borrowers and waived non-borrowers face the same unrestricted
problem; denote its asset policy by g,lf (). A non-waived non-borrower compares three branches.
For low cash-on-hand, it pays the cost and enters debt; over an intermediate region, it bunches
at a’ = 0; above that region, it saves.

Suppressing time indices, let zo j denote the unrestricted cash-on-hand threshold associated

with @’ = 0, so that g}lj(x07h) = 0. The non-waived policy is

gf(m), x < T7,
gr (x) =<0, z} <z < xop, (47)

g]f(l'), T > L0,k

where g,}f is the debt-entry branch and gf is the positive-saving branch. The fixed cost shifts
the cash-on-hand required to reach a given negative asset choice upward by . The debt-entry

threshold zj is determined by value matching:

VhK,E (i‘h ;%Lhk> _ VhK,O <$h ;{Lhk) 7 (48)

where the second superscript in VhK’E V0 denotes whether the household enters into debt, a’ <0,
or remains at zero, a’ = 0.

The asset policy can jump at x}: paying a fixed cost is worthwhile only if the household
chooses a nontrivial debt position. This discontinuity is the household mechanism that produces
relatively little shallow debt and a dense small-positive region in the stationary distribution. We
focus on the ordering

*
l‘h < 1'07]“

which holds for all calibrated household states.
The no-debt model is nested by setting a = 0, which makes the debt-entry block inactive.

A.4 Distribution, Aggregation, and Equilibrium

Let F} denote the beginning-of-period joint distribution of assets and persistent household states,
with

Ft,h(a) = Pr(at S a, ht = h)
Given F; and the household policies, the distribution F}1; is induced by households’ end-of-period

asset choices, the transition matrix II, and the transitory-income and waiver draws.
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Aggregate total and negative assets are

00 0
A = adF; p(a), ;= adFyp(a). 49
;/ @), A ;/ () (49)

Aggregate consumption is obtained by integrating individual consumption over the household
distribution and the idiosyncratic draws. The mass of non-waived non-borrowers that enter debt

and its resource cost are
Ty, — Lhkt
- A wFN< # , EC; = key, 50

where we write F,ff(a) = Fy(a”) = Pr(at < a,s; = s,hy = h) for the corresponding strict
CDF on side s € {B, N}. Appendix C describes the CDF representation used to implement the
distribution law of motion.

Given initial conditions and the transfer innovation A, an equilibrium is a sequence of
household value and policy functions, distributions, and aggregate quantities such that, for every
t:

(i) household value and policy functions solve the problem in Section A.3, given prices, income,

and transfers;

(ii) the distribution Fy;1 is induced by F}, the household policies, and the idiosyncratic-state

transitions;

(iii) aggregate assets, consumption, and the debt-entry flow are consistent with individual choices
and the household distribution; and

(iv) production, wage setting, monetary and fiscal policy, the government budget constraint,

and goods- and bond-market clearing satisfy the conditions in Section A.1.

B Calibration and Empirical Mapping

This appendix first defines the model variants and reports their macro and micro calibration
and fit. It then explains why a fixed debt-entry cost is needed and documents the MPC contrast
around zero liquid wealth. Finally, it maps the Survey of Consumer Finances (SCF) into
the models. The model ladder organizes a sequence of specification and recalibration steps,
while the SCF mapping constructs the empirical objects used in the crossing-share and paired
consumption-response comparisons.

Two qualifications are important for interpreting these comparisons. First, the steps in the
model ladder are not controlled one-parameter experiments: later variants recalibrate several
parameters jointly. Second, the SCF consumption response is necessarily model-informed,
because consumption is not observed for the counterfactual transfer. We therefore compare each

model with an SCF response evaluated through that same model’s policies.
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B.1 Model Variants and Macro Calibration

All four variants share the aggregate environment described in Appendix A. A period is a quarter;
quarterly GDP is normalized to one, so annual GDP is four. The annual real interest rate is two
percent. Utility is logarithmic, and the proportional labor-income tax and steady-state lump-sum

transfer are taken from Bianchi and Kaplan (2026). Table B.1 summarizes the common macro

calibration.
Table B.1: Common macro calibration
Object Value Description
Y 1 Quarterly output normalization
Real interest rate 2% annually Steady-state real rate
o 1 Log utility
v 1 Frisch elasticity
T 0.274 Labor-income tax rate
T 0.15 Steady-state transfer relative to quarterly GDP
K 0.01 Wage Phillips-curve slope
o 1.5 Taylor-rule coefficient
oB 8 Fiscal-rule coefficient
X Chosen so that 7 =0 Labor-disutility scale

Notes: The equations in Appendix A.1 use the quarterly real interest rate corresponding to the reported
annual rate.

All four models have five permanent discount-factor types and eleven persistent-income
states. They differ in debt access, the calibration of preferences, and the income process, as

summarized in Table B.2.

Table B.2: The four model variants

Model Definition

A No household debt (borrowing limit at zero), with the original
Bianchi—Kaplan income process.

B1 Adds debt, a borrowing-rate wedge, and the entry-cost/waiver
block; retains the original income process.

B2 Retains B1’s structure and income process, but recalibrates the
discount-factor support, type masses, and debt parameters.

C Recalibrates the income process, discount-factor distribution, and

debt parameters; this is the baseline debt model.

Model A is obtained from the general formulation in Appendix A by imposing a = 0, which
makes the borrowing wedge and the entry-cost/waiver block inactive. Models B1-C allow a < 0
and use the same debt-capable model structure, but differ in the calibration of the discount-factor

distribution, debt parameters, and, for model C, the income process. The population-weighted
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discount factor 8 in the wage Phillips curve is implied by the discount-factor support and type

masses reported below.

B.2 Micro Calibration

The micro calibration comprises the income process, discount-factor heterogeneity, debt pa-
rameters, and the distributional targets. Appendices A.2 and A.3 describe the corresponding
functional forms and household problem. This section reports the discretization, parameter

values, and calibration sequence used for the four model variants.

B.2.1 Income-Process Calibration

The persistent component is represented on eleven Rouwenhorst nodes. The Gaussian component
of the transitory shock is integrated with five Gauss—Hermite nodes, so the discretized income
process has eleven persistent states and six transitory outcomes. The mean correction in
(36), followed by the normalization in (34), keeps average labor efficiency fixed when the risk
parameters change.

The benchmark process used by A, B1, and B2 is the Bianchi-Kaplan implementation of the
Kaplan—Violante specification. C retains the same functional form and the same eleven-by-six
discretization but recalibrates four parameters to improve the joint income—wealth and liquid-
wealth fit; the persistent innovation variance remains fixed. The complete values are reported in
Table B.3.

Table B.3: Income-process parameters by model variant

Specification o 0'% A o? Ae

A, B1, B2 0.9878 0.0439 0.2500 0.6376  0.2500
C 0.98213 0.0439 0.2350 0.69196 0.2725

The A-B1 and B1-B2 comparisons hold the income process fixed. B2—-C changes the income
process together with preferences and debt parameters; it is therefore a sequential fit comparison
rather than a one-parameter experiment. Figure B.2 shows the resulting income—wealth sorting

directly.

B.2.2 Discount-Factor Heterogeneity and Debt Parameters

All variants have five permanent discount-factor types, but neither their support nor their masses
are generally fixed across calibrations. The calibrated values used in the results are reported in
Table B.4.
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Table B.4: Discount-factor support and type masses by model variant

Model Discount-factor support Type masses

A (0.9599, 0.9676, 0.9758, 0.9835, 0.9911) (0.2, 0.2, 0.2, 0.2, 0.2)
B1 (0.9600, 0.9677, 0.9759, 0.9836, 0.9912) (0.2, 0.2, 0.2, 0.2, 0.2)
B2 (0.9720, 0.9785, 0.9793, 0.9857, 0.9920) (1, 2, 3, 2, 1)/9

C (0.9659, 0.9723, 0.9791, 0.9856, 0.9919) (1, 6, 6, 3, 3)/19

B1 preserves A’s beta spacing and equal masses but raises every support point by only
8.1 x 107°. The A-B1 comparison is therefore extremely close to a pure debt-access experiment,
but not literally one. B2 changes both the shape of the support and the masses while retaining
the benchmark income process. C changes the beta distribution again while also recalibrating the
income process. These preference changes matter both for average MPCs and for the composition
of discount types across wealth—income cells used in the paired SCF calculation.

In A, a =0, and the debt wedge, entry cost, and waiver probability are all zero. The debt

variants use ¢ = —1. B1 uses

(po, &, A) = (0.05,0.03,0.25),
B2 uses

(po, 1, A) = (0.038,0.02,0.45),
and C uses

(po, &, A) = (0.0385,0.0125,0.13).

Thus, the A—B1 step is dominated by making the debt region feasible, whereas B1-B2 and B2-C
should be read as sequential specification and recalibration steps rather than as isolated causal

effects of individual parameters.

B.2.3 Calibration Targets and Fit

The empirical target is the marginal liquid-wealth distribution in the Survey of Consumer
Finances (SCF), pooling the twelve triennial waves from 1989 through 2022 with equal wave
weights. Appendix B.5 describes the sample, liquid-wealth definition, implicate treatment, and
assignment of households to model income states. Wealth is expressed as a percent of annual
GDP. The distributional criterion contains fourteen moments: thirteen CDF levels and the

discrete mass at zero, all in percentage points, as reported in Table B.5.

Table B.5: SCF liquid-wealth distribution targets

a -2 -9 -6 -3 -1 -05 0~
FSCF(q) 1.84 279 431 7.66 1211 14.32 17.60
a mass at 0 0.5 1 2 ) 10 15
Target 6.68 36.20 42.00 48.90 59.10 67.50 72.40
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The full calibration objective sums squared deviations from the targeted liquid-wealth
moments and adds an aggregate-asset target and a one-sided penalty for violating an upper
bound on the income-rank/wealth gradient. No MPC moment enters the selection criterion for
these four specifications. The discrete mass at zero wealth is targeted separately from F'(07):
the entry cost is intended to govern precisely how mass is split between debt and the kink at
Zero.

Raw values of the full calibration objective are not directly comparable across models when
the number of reachable liquid-wealth moments differs. For model M, let Mjs be its set of
reachable distributional moments, let n = | M|, and let mj; and mSCF denote the corresponding

model and empirical moment values. We therefore report the distributional fit as

1/2
1

RMSEy = |~ Y- (mM—mSCF)2 , (51)
mEM]y[

in percentage points.

Model A has no negative support at any parameter value, so its seven negative-side moments
are mechanically unreachable and its reported RMSE uses the seven nonnegative moments.
B1-C use all fourteen moments. B1l, B2, and C minimize the full calibration objective over
their feasible parameter sets. A is calibrated to the aggregate-asset and average-MPC targets of

Bianchi and Kaplan (2026) and is evaluated, but not optimized, on the distributional criterion.

Table B.6: Fit to the marginal liquid-wealth distribution

Model Moments n RMSE (pp) RMSE on common seven moments (pp)

A 7 5.94 5.94
B1 14 4.68 6.22
B2 14 3.47 4.34
C 14 0.96 1.07

Notes: The common seven moments are the moments reachable by the no-debt model. A has 100
nonnegative asset nodes; B1-C have the same 100 nonnegative nodes plus 20 negative nodes.

The common-support column clarifies where the improvement comes from. B1 fits the shared
region slightly worse than Aj; its entire gain comes from replacing A’s empty debt region with a
negative tail. On the squared-error scale, B1 reduces the negative-side discrepancy from 749.9
to 35.6 while increasing the common-support discrepancy from 246.6 to 270.8. B2 and especially
C then improve both regions. Debt is therefore indispensable for matching the empirical shape
around zero, while the baseline debt model also requires recalibration within the positive region

and of the income process.

B.3 Why a Fixed Entry Cost?

The empirical motivation is a sharp asymmetry around zero. Immediately to the right of

zero, the SCF contains a dense group of households with small positive liquid-wealth positions.
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Figure B.1: Liquid wealth around zero with and without a fixed entry cost.

Notes: The entry-cost and wedge-only calibrations are independently optimized under the same objective
and evaluated on the same grid. Panel (a) shows the liquid-wealth CDF. Panel (b) shows probability
mass in 0.5-percentage-point bins around zero, with point masses at zero displayed separately. The SCF
combines a dense small-positive-wealth region with relatively little shallow debt. Grid size 180, with 30
nodes in the negative range.

Immediately to the left, the shallow-debt region is much less densely populated. The distribution
therefore does not pass smoothly through zero: many households remain just outside debt,
while households that borrow are comparatively less likely to hold an arbitrarily small negative
balance. A standard debt model with only a borrowing limit and a spread pg on negative assets
(k = 0) does not reproduce this local asymmetry.

The spread pg is a recurring price on the stock of debt. As the desired debt position
approaches zero, the associated interest payment also approaches zero. The wedge therefore
gives a household with small positive wealth no discrete reason to avoid a small negative position.
Changing po shifts desired borrowing throughout the negative region, but it cannot create a
pronounced difference between the densities immediately on the two sides of zero.

A fixed cost k, by contrast, is paid when a non-borrower first enters debt and does not vanish
with the size of the initial balance. It creates an inaction region: households near the margin
prefer zero or a small positive position to paying the cost for a shallow loan. Conditional on
paying the cost, borrowing only a negligible amount is unattractive, so entrants choose debt
positions farther to the left. The model consequently produces a dense small-positive region,
relatively little shallow debt, and a nontrivial deeper debt tail. The waiver probability A allows
some households to enter without paying the cost and controls the strength of this separation.

Panel (a) of Figure B.1 shows that the aggregate borrower share by itself does not distinguish
the specifications. The best wedge-only model matches F(0~) almost exactly: its error is +0.04
percentage points, compared with —1.31 for the entry-cost model. Yet its errors at F'(—6) and
F(—3) are —1.89 and —2.50 percentage points, compared with —0.05 and +0.79 with the entry
cost. Panel (b) shows the local source of this difference. The wedge-only model concentrates too
much probability immediately below and exactly at zero and too little in the deeper negative

tail; its zero-wealth mass exceeds the 6.68-percent target by 4.53 points, compared with 0.26
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points in the entry-cost model. Thus the wedge-only model gets approximately the right number
of borrowers but not the observed asymmetry between shallow debt and small positive wealth.

This is a like-for-like calibration comparison. The entry-cost specification, (k, A, pg) =
(0.0125,0.13,0.0385), and the wedge-only specification, (x, pg) = (0,0.056), independently mini-
mize the same objective. Although the entry-cost triple equals C’s parameters in Appendix B.2.2,
this auxiliary robustness specification is not the small-grid model C used in the four-model
comparison: it is evaluated on the common 180/30 comparison grid against the independently
optimized wedge-only specification.

We interpret (k,\) as a reduced form for access margins not explicitly tracked in the model—
for example, whether a household already has an available credit line and can draw on it without
incurring an origination or search cost. We do not claim that the SCF wealth distribution
separately identifies those institutional components. The narrower empirical claim is that an
entry hurdle is sufficient to reproduce the local asymmetry at zero, whereas a borrowing wedge

is not.

B.4 MPCs Around Zero Liquid Wealth

Section 6.1 uses zero liquid wealth as a common observable balance-sheet boundary. We do not
assume that zero is every household’s exact policy kink. This subsection instead documents its
interpretation as a boundary between groups with different MPCs.

Table B.7 decomposes each model’s exact fixed-price response by beginning liquid wealth.
The statistic is the stationary-distribution-weighted effective MPC,

clx 4+ A) —c(x)
A 9y

conditional on being weakly below or strictly above zero. The discrete mass at zero wealth is
included in the weakly non-positive group, and consumption after the transfer is evaluated on the
household’s beginning-of-period borrower or non-borrower policy branch. Thus, the entry-cost

policy branches and the mass at zero are handled explicitly rather than inferred from CDF node

masses.
Table B.7: Conditional MPCs on either side of zero liquid wealth

Specification Pr(a <0) MPC(a<0) MPC(a>0) Ratio

No debt (A) 0.139 0.469 0.231 2.03

Debt access (B1) 0.280 0.359 0.193 1.86

Debt + preference recalibration (B2) 0.261 0.307 0.169  1.82

Baseline debt model (C) 0.233 0.241 0.172  1.40

Notes: Exact partial-equilibrium decomposition at a transfer of 0.5 percent of annual GDP, with fixed
prices and steady-state policies. Conditional effective MPCs are weighted by each model’s stationary
distribution. The a < 0 group includes the discrete mass at zero; the no-debt model has no negative-wealth
region, so its first group consists only of that mass.

Across all four variants, households at or below zero have a substantially higher average
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MPC than households with positive liquid wealth. The comparison is strongest in the no-debt
benchmark, where the first group consists of the mass exactly at the borrowing limit, and
remains quantitatively meaningful in every debt specification.

This does not require the MPC to jump downward exactly at zero. In the debt models,
households just above zero can remain high-MPC; the lower conditional average on the positive
side emerges as MPCs decline with the accumulation of liquid buffers. Zero liquid wealth therefore
provides a useful common empirical boundary between, on average, higher- and lower-MPC

regions of the wealth distribution.

B.5 Mapping the SCF to the Model

This section describes how we map households in the Survey of Consumer Finances (SCF) to
the model. The mapping has two conceptually separate parts. First, we construct the empirical
wealth and income inputs and use residualized-income rank to assign households to persistent
model income states. Second, we put SCF wealth, transfers, and model consumption in common
GDP units and average model policies over the model-implied distribution of discount-factor
types within wealth—income rank cells.

The resulting paired SCF is used both to construct the zero-crossing curve in the main
text and to provide an additional model-informed validation of the finite-transfer consumption
response. We first describe the SCF data and income-state assignment, then construct the paired

SCF, and finally report the paired SCF consumption response.

B.5.1 SCF Data and Income-State Assignment

We use the Survey of Consumer Finances summary extracts for the twelve triennial waves 1989—
2022 (Aladangady et al., 2023), pooling the five implicates with survey weights and giving each
wave equal weight. Liquid wealth follows Kaplan and Violante (2014a): transaction accounts and
directly held liquid financial assets, net of revolving credit-card debt. This definition produces
the negative liquid-wealth observations that distinguish the debt models from the no-debt one.

The mapping has two conceptually separate parts. First, a common-GDP conversion puts
SCF wealth, transfers, and model consumption in the same units. Second, residualized-income
rank assigns a persistent model state. The next subsection states the conversion explicitly when
constructing the paired SCF response.

Within each wave, we run a weighted regression of log income (floored at $1,000) on a cubic in
age, indicators for education, marital status, race, and sex of the household head, and the number
of children. The rank of the residual is matched to the cumulative stationary probabilities of
the model’s eleven Rouwenhorst states. Cardinal household income neither rescales the policy
function nor enters the zero threshold in the crossing exercise.

Income is gross pre-tax total household income. Because it enters only through its within-
wave rank, the tax treatment has little effect on the assignment. Re-ranking households using
TAXSIM disposable income, which is available for the 1989-2019 waves, leaves 86 percent in the
same state and more than 99 percent within one state.

After this step, each SCF household ¢ is characterized by its observed liquid wealth W;, its

survey weight, and its assigned persistent-income state z;. Section B.5.2 adds the common-GDP
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conversion, model-specific policy evaluation, and posterior distribution of discount-factor types

used to construct the paired SCF.

B.5.2 Constructing the paired SCF

Because consumption following a hypothetical transfer is not observed in the SCF, we evaluate
each household using model-implied consumption policies. For each model calibration, the paired
SCF preserves observed wealth levels and the observed wealth—income joint distribution, assigns
the persistent-income state z; using the residualized-income rank described in Section B.5.1, and
averages model policies over the posterior distribution of discount-factor types in household i’s
wealth-rank and income-rank cell.

The construction is model specific: each model, indexed here by M, is paired with an
SCF evaluation based on that model’s policies, income process, and implied discount-type
composition. We use the same paired-SCF construction for both empirical applications in the
paper. It determines post-transfer liquid wealth and hence the zero-crossing curve in Figure 1,

and it provides the paired SCF consumption-response benchmark reported in Section B.5.3.

Common-output conversion. All dollar quantities are put in common output units. The
model has no capital, so its output concept is not measured GDP but output net of fixed capital
formation. If annual GDP per household is Y**" dollars and sy is the share of output devoted
to fixed capital formation, one model unit therefore equals (1 — s;)Y*"" /4 dollars. We set
sy = 0.20, since gross private domestic investment averaged close to one-fifth of US GDP over
1989-2022. Writing gy = (1 — s7)Y*"" /4, we obtain for SCF wealth W; and a dollar transfer D
the normalized values

a; = , A=—. (52)
Thus A is the dollar-to-model-unit conversion, while the transfer itself enters cash-on-hand
one-for-one. The transfer is a share of actual GDP and the response is reported as a percent of
actual annual GDP; only the mapping into model units carries 1 — s;. The same conversion is
used for the crossing share of Figure 1 and for every consumption response reported below, so

the paper carries a single dollar-to-model-unit conversion throughout.

Model-specific policy and type assignment. Each model is paired with an SCF estimate
that preserves the observed wealth—income joint distribution and observed wealth levels, assigns

z; by residualized-income rank, and averages over the model-implied posterior

M

(B) = fj\’/}r(ﬁ | wealth-rank cell of i, income-rank cell of 7).

The income rank is taken on residualized income. In particular, for the zero-crossing exercise,
we map each household’s residual-income rank to one realized model-income cell (z, k) and
evaluate the policy at those selected persistent- and transitory-income states. The paired-SCF

consumption response, instead, averages its policy response over the model’s transitory-income
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distribution. The partition uses 40 equal-width wealth-rank bins and income-rank cells cut at
the model’s persistent-state masses, so every occupied cell has model support.

Cash-on-hand is then constructed as
Tizke = R(a;)a; + Lag,

where R(a) is the model-implied gross quarterly return on observed beginning-of-period assets
a;, and ¢, is model income for the data-implied ranks (z, k).

In debt models, negative SCF wealth uses the incumbent-borrower policy and return; formally,
s; = B if a; < 0 and s; = N otherwise. For nonborrowers in the debt models, C]\N4 is the explicit

waiver mixture Aej; + (1 — \)ek.

Zero-crossing construction. Household 7 is counted as crossing zero at transfer size A iff
ai <ONa; + A — ey (Tizk + A5 B, 21y ki) — (@i B, 2, ki) | > 0. (53)

That is, a household crosses zero at transfer size A if they start at weakly negative wealth and if
the transfer induces them to save a positive amount.

Applying the construction separately to the four model variants gives four model-paired
SCF crossing curves. The black SCF line in Figure 1 is their pointwise mean, and the shaded
band spans their pointwise minimum and maximum. The four curves differ by at most about
1.5 percentage points. The empirical crossing share is therefore governed primarily by the
mass of the observed liquid-wealth distribution near zero; the precise model policy matters
relatively little for this binary outcome. Aggregate consumption remains more model dependent
because it depends on the amount consumed by every household rather than only on whether a
household crosses zero. Section B.5.3 uses the same paired-SCF construction to evaluate this

intensive-margin response.

B.5.3 Paired SCF Consumption Response

The paired-SCF construction is defined as

Ci(A) =gy > mM(B)D " wi (3 (Tizk + A5 B, 21, k) — €3y (Tizks By 23, )] - (54)
B8 k

It provides a model-informed benchmark for aggregate consumption. Because consumption

following a hypothetical transfer is not observed in the SCF, this exercise is not an independently

observed calibration target. Instead, it provides suggestive evidence on whether each calibration

maps the observed SCF wealth—income distribution into a finite-transfer consumption response

close to the corresponding model response.
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Table B.8: Model response minus its paired SCF response

Model A =05% A=5% A=15%

A 0.0039  -0.0109 -0.0774
B1 0.0208 0.0727 0.0869
B2 0.0182 0.0568 0.0676
C 0.0090 0.0252 0.0351

Notes: Entries are the model response minus its paired SCF response, in percentage points of annual GDP.
Each row uses that model’s policies and discount-type posterior to construct its own paired empirical
benchmark; the rows are not four estimates of one model-free empirical curve.

Table B.8 shows close agreement between the model and paired SCF responses as the paired
gaps are small throughout. They increase modestly with transfer size for the debt specifications,
while model A’s gap turns slightly negative at larger transfers. Among the debt specifications,
model C delivers the smallest gap at every reported transfer size. Each entry is a net aggregate
gap, so discrepancies across different regions of the wealth distribution can offset, which is
the case for model A where the missing borrower contribution offsets discrepancies on the
nonnegative wealth support. Figure B.2 shows that model A overstates income—wealth sorting

more strongly than the debt models.

0.9 = sCF 1
= No debt ]

= Debt access i

Debt + preference recalibration
0.8
_ Debt + preference and
income-process recalibration

o o o
o e} N

Mean persistent-income rank
o
N

0.31

0.21

: S\o‘ple‘_mga@(ed above the 20th percentile

0 20 40 60 80 100
Liquid-wealth percentile

Figure B.2: Mean persistent-income rank by liquid-wealth percentile.

Notes: At each liquid-wealth percentile, the figure reports the mean rank of the persistent-income state.
Both the SCF and model curves use the same persistent-state rank definition and population weighting;
model curves use a five-bin moving average. The dotted vertical line marks the 20th liquid-wealth percentile.
The slopes from the 20th to the 100th percentile are 0.113 in the SCF, 0.240 with no debt, 0.201 with
debt access, 0.233 after preference recalibration, and 0.195 in the baseline model after preference and
income-process recalibration.
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Income—wealth sorting. Households’ policies are determined not only by their liquid-wealth
position but also by their persistent-income states. Hence, divergence in the joint income-wealth
distribution can explain remaining gaps in Table B.8, even for model C, which matches the
marginal empirical wealth distribution very well.

Figure B.2 shows the joint sorting of persistent income and liquid wealth observed in the
SCF and implied by the different model calibrations. In the data, income follows a “hockey-stick”
pattern over wealth: income falls with lower debt but rises with net wealth once wealth is
positive (around the 20th percentile). All models with debt reproduce this pattern qualitatively.
In the SCF, however, income is relatively flat over most of the wealth distribution, whereas all
four models sort persistent income too strongly into wealth. The baseline debt model is closest
to the data.
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C Numerical Implementation

This appendix describes the numerical implementation of the model in Appendix A. The
nonstandard part is the treatment of debt entry. The return kink and fixed entry cost create a
discontinuous household policy, a point mass at zero, and a distinct mass strictly below zero.
The implementation must therefore recover the endogenous entry threshold, track the two sides
of the asset distribution separately, and preserve differentiability of the distribution transition.

We first describe the additional controls used to implement debt entry and the resulting
distribution update. We then report the state-space solution and numerical settings and close

with differentiability and validation checks.

C.1 Debt Entry and the Distribution Update

Boundary controls and the entry threshold. Appendix A.3 defines the debt-entry policy
and the value-matching threshold x,*ht. To impose value matching in the state-space system
without storing the full value function, we recover continuation-value differences from the
marginal policy.

Let CE}?M(CLI ) denote the unrestricted (endogenous-grid) consumption schedule for household
state h, evaluated at end-of-period assets a’ before the household chooses among the debt-entry,
zero, and saving branches. Let th(a’ )= EtW+17h/(a' ) denote the expected continuation value

conditional on choosing a’. We define the boundary premium

Jin = Bh [Vt,h(o) — Vt,h(O*)] . (55)

The premium measures the difference between entering the next period as a non-borrower and
as an incumbent borrower at the boundary, i.e. the value of arriving at essentially zero assets
with different debt access status. It generally holds that J;; < 0. Optimality in the interior
(under CRRA preferences) requires that

BuVin(a) = ciM(d)e. (56)

Discounted continuation-value differences can then be reconstructed from the marginal policy
by the fundamental theorem of calculus (where the integral is oriented):
,i/

Dunly 35 BN, Jia) o= [ BM@) 7 e+ (1072 01 = 1y > 0} w57
o

The integral recovers continuation-value differences within either side of zero, while J; ;, accounts
for crossing the borrower-status boundary.

We define superscript B as the incumbent-borrower branch and superscript K as the non-
waived non-borrower branch. The objects ¢, ¢ and a?,a® denote the consumption and asset
choices at the common limiting cash-on-hand defined by initial wealth approaching the status

boundary from either side:

a /07 or a\.0", T = hk- (58)
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Taken together, we find that the boundary premium satisfies the following recursion:

K B
Jen = Br(1 =X Ty Y wi {u (Ch’k,t—i-l) - U(Ch’k,t—i—l)
% k
B K . EGM
+ Dy p (ah’k,t+1> Ap' e, t4+15 Ct4-1,0/ > Jt+1,h’) ] . (59)

The two households arrive at the limiting cash-on-hand associated with assets 0~ and 0, but their
borrower and non-borrower statuses generate different conditional policies. The waived branch
(with probability weight ) contributes zero to the difference because for those households the
optimization problem is identical to that of an incumbent borrower.

A second boundary control records the borrower-side marginal-utility endpoint
MY = lim ¢FSM(q) 7.
fi o= lim e (o)

Using the disposable nonasset resources tp+ defined in (40), the left-limit Euler equation

determines M ,?; :

My, = Bu(Regr + po) YT > wy, {657t+1 (Lh’k,t—&-l)_g} : (60)
h’ k

This is distinct from the marginal value at the non-borrower node a = 0, which uses the saving
return (no borrowing wedge) and the waiver mixture. While wealth levels infinitesimally close
to 0 have measure zero, we must track this term due to the finite grid we employ in practice: we
represent the marginal utilities to the left of zero as a cubic spline, with the end node given by

(0-, Mt(f,;).lg This endpoint enters the system as an extra control for each state h.
Conditional on (¢, Jy, Mfi), we can compute the first-order deviation of the debt-entry
threshold zj from its steady-state value in the following way. We define and rewrite the

value-matching residual as

. K5 The — thk K0  The — thk
Gen(Th,) = Vin <R> —Vin (R) (61)
= u(w, — K~ afy) = u(@h, — ah) + B (Von(afi) = Vin(ah)) (62)
= u(aj,, — & — afy) = u(w},) — Donlagy, 0; ™, Jun) (63)
0
= ul(wh, — 5 —afy) —ulgi) — [ ) T, (64
% h

where afh < 0 and a% = 0 are optimal savings choices at the threshold. The approach is to

linearize the value-matching condition

Gt.n (x;(zt) = 0

around steady-state values 7j, Jp, M ,?_ , E‘EGM.

For the derivative calculation, represent the savings choices by cash-on-hand x and consump-

19The cubic spline allows for numerical integration that can be differentiated by automatic differentiation.
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tion choices:

ap(@) =z — Kk —cpp(z),  ap(x) =0, cz)=a

Holding the policy schedule fixed,

0Gin 1 Gt n __/O 86551\/{(@’)_0

O oMY, Pag)  OMY,

The derivative with respect to the threshold argument x} is

8gt,h E\ E' EGM( E \7° E/
D = (ct,h) Ci (:C’;L?t) —/ (l‘;t) +Ch (at,h) (1- Ct.h (xz,t))
h,t

= u'(cpp) — ' (why), (66)

where the second line follows from ¢ (afh> T (cn)-
Finally, let P;, denote the state of the policy schedule (the consumption interpolants, stemming
from EGM, and their implied marginal-utility interpolants), which are the typical control variables
of heterogeneous agent models. The derivative with respect to Py, holding the evaluation

argument fixed, is

0 8CEGM<a/)7o
ho_ 9Ch (1 B\ EGM( E \—o) _ t.h /
TP = 0Py (u (ctn) =i (apn) ) /aE TP da’. (67)

t,h
=0

G,  0cf,

The complete total differential of the threshold condition is then

~ 0Gin

- *
8xh’t

)
daf, — dJyp + Gt

SS t,h

dMY), + OGt.n

0
SS 873157/1

AP p (68)
S8

By the implicit-function theorem, the first-order deviation of the threshold zy, around zj, is
determined by rearranging Equation (68) for dzj, ,, which is possible as long as af (z}) # —k.
The deviation of x;h is thus a static variable, determined by the forward-looking controls J and
MY that are added in the state space for the models with debt-entry fixed costs.

Computing the steady-state debt-entry threshold. There generally is no closed-form
expression for x}, because the policy and marginal-utility schedules are interpolated numerical
objects. We rely on these state-space objects also when computing the threshold in steady state,
so that the linearized system remains internally consistent.2’ We first test whether G (10~%) <0,
in which case we set 2} = 0 (entry never dominates). Otherwise our algorithm brackets the
unique root of Gy (x) = 0 with initial upper endpoint xj, enter(@may), the shifted cash-on-hand
value at the negative asset node closest to zero; it repeatedly expands that endpoint until
Gn(x) < 0, and searches for the root using bisection. This scalar solve is embedded in a joint
household fixed point: Starting from a candidate policy and boundary objects, the algorithm

updates the EGM consumption schedule, the boundary-value recursion for Jj, the borrower-side

20 Alternatively, one could employ a separate value-function iteration to compute the value-matching residual
that determines the steady-state thresholds. This will give the same solution in the limit of infinite grid sizes, but
yields errors in the practical application since the numerical representations are not perfectly aligned.

40



endpoint Euler condition for M}, and then solves Gy (x7; Ju, My ) = 0 for every h; it iterates

these objects jointly to convergence.

Distribution at zero. For each combined discount-factor and persistent-income state h, let
Fip(a) =Pr(as < a, hy = h)

denote the joint beginning-of-period asset CDF. The full CDF value at zero combines the mass

below zero and the discrete mass at zero. We therefore define the borrower mass separately as
m, =Fp(07),  Fu(0) =mp, + Pr(a; =0, hy = h). (69)

The numerical state contains the free CDF coordinates and one separate borrower mass mfh for
every h. The terminal CDF value fixes the total population mass pp, of each column, but no
normalization fixes its borrower mass.

For readability, suppress time subscripts in the following definitions. CDF evaluation is
separated by side. On the borrower side, a monotone interpolant I}? is constructed through the

negative asset nodes and the endpoint (0, m?):

0, a < Gmin,
Fl(a) =S TP (a), amin <a <0, (70)
mf, a > 0.

On the non-borrower side, I,]lv is constructed from the full CDF on the nonnegative nodes, and

the borrower mass is subtracted after evaluation:

0, a <0,
F/iv(a) = Z}]lv(a) - mf, 0 <a < amax, (71)
P — mf, a > Gmax-

In particular,
FY(0) = Fu(0) —mf

returns the mass at zero exactly. Imposing the probability bounds through the endpoint data

avoids additional minimum or maximum corrections after interpolation.

Paid entry flow. The mass of non-waived non-borrowers that enter debt is

Tp , — bkt
e =(1—=X) Z ZkatJ,\i[f (htR> , EC; = key. (72)
bk t

The argument of Ft% is the beginning-asset threshold at which current cash-on-hand equals the
entry threshold.
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Exact distribution transition. The transition evaluates the borrower and non-borrower

parts of the beginning-of-period distribution separately. Let
Rp = R + po, Rgy:= Ry

denote the gross returns applied to negative and nonnegative beginning assets. For every savings
choice aj, let z;5, be the unrestricted endogenous-grid cash-on-hand preimage at which the

household chooses a;. The waived policy uses
F
ij’h = ij,h.

For the non-waived fraction, a negative savings choice uses the entry branch, with its cash-
on-hand threshold capped at x}. A nonnegative savings choice uses the policy that combines
remaining at zero and saving. The two CDF evaluations are averaged over the transitory shock
and waiver draw and then mixed by the persistent-state transition matrix II. More explicitly,
before this transition, the savings CDF column at savings choice a; is F [7, h]; primes denote

next-period quantities:

F
B A xi, =t
Flj,h] = wi FhB(M) + BN (=
+(1— )\)Sthk} , F' = FII.
where N
X5 K— 1L
Fﬂw) a4 <0, 2R <l
K N< (T} — thk .
Shjk = Fh (RS) , a; < 0, Tjn+tK > Xy, (74)
PN (W) 7 a; > 0.
S

The second case in (74) is the entry cap: a non-waived household enters only strictly below
the value-matching threshold, even if a deeper negative savings choice would otherwise imply a
larger beginning-asset threshold. The left limit preserves this strict inequality.

The CDF transition at a; = 0 does not separately identify next period’s borrower mass
because it also includes the discrete mass at zero. We therefore evaluate the borrower-mass law
directly at the output threshold a’ = 0:

~ By B,<{ To,n — lhk N,< [ To,h — lhk
m — W = (’> + AN (’)
h Zk [ h Rp h Rs

* —
+ (1= NENS (”’l”"“) ] mPB = mP1L
Rs

(75)

The three terms correspond to incumbent borrowers below the limiting zero threshold, waived
non-borrowers below the unrestricted threshold, and non-waived non-borrowers below the entry
threshold.
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Denoting the complete distribution update by T, its derivative has the coupled form

OF'JOF  OF'/Om®P
DT = . (76)
omP' JOF  omP' JomP

The off-diagonal blocks are economically required: changing the borrower mass affects both
side-specific probabilities, while changing the remaining CDF coordinates affects next period’s
borrower mass.

Negative assets are aggregated from the borrower-side interpolant:

0
AT =— Z FP(a) da. (77)
h Gmin
Aggregate total assets are recovered analogously from the full distribution. The same transition
therefore determines the next distribution, aggregate saving, negative assets, and the paid-entry

flow used in the aggregate equilibrium conditions.

C.2 State-Space Solution and Numerical Settings

State-space representation. The combined idiosyncratic state h has
N =5x11=55

values. Let dF; stack deviations of the beginning-of-period joint CDF columns from their
stationary values at every interior asset-grid node. The distribution is retained at full grid
resolution; only the terminal CDF coordinate of each column is omitted, because it is fixed by
the population mass py,.

In the debt models, the distributional state also contains the deviations dm{ of the borrower

masses defined in (69). The remaining aggregate states are the lagged real rate

1 _
it =r — 7T

and a one-time shock state €; that introduces the transfer innovation into the fiscal rule. Thus,

suppressing transposes, the state vector is
_ B lag
S = (dFt, dmy, r°, 6,5) . (78)

The controls contain a compressed representation dc; of the consumption-policy deviations

and the aggregate variables
(Bta At7 At_a }/%a Ct7 Tty ita Tt, E) .

With a fixed debt-entry cost, the controls additionally contain the boundary premium J; and the
borrower-side marginal-policy endpoint My~ for every household state h. The entry threshold
x} is recovered from these controls using (68) and is therefore not included as a separate control.

In the no-debt model, dmtB, Ji, MY, and the negative asset grid are omitted.
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Stacking the household optimality conditions, the distribution transition in Section C.1, and

the aggregate equilibrium conditions in Appendix A gives a system

E¢ F (5t, Yty St+1, Ye+1) = 0. (79)

Automatic differentiation provides the Jacobians of this system at the stationary equilibrium.
Its first-order expansion is solved using a generalized Schur decomposition, yielding the decision

rule and state transition

Yt = 9sSt, St41 = hsSt. (80)

Policy compression. The distribution is not dimensionally reduced, but the consumption-
policy control is compressed using a discrete cosine transform. The vector dec; contains the
retained DCT coeflicients of the policy deviations for all household states. We retain a small
share of coefficients at the baseline tolerance. In the entry-cost model, the 2Ny controls J; and
M} are added separately because they determine the behavior of the policy at the debt-entry
boundary.

Asset grids. The nonnegative asset grid contains
NI =100
points on [0,4000], including zero. Its nodes are uniformly spaced under the transformation
q(a) =log(1 +log(l + a)),

which concentrates points in the region where most households are located.
The debt models add
Ny =20

strictly negative nodes on [a,0), with a = —1. Their absolute values are uniformly spaced under

the same transformation and then reflected around zero. Thus,
Na=NjJ+ N, =120
in the debt models, and zero appears only once, as part of the nonnegative grid.

Interpolation and differentiation. The CDF interpolant is monotone cubic and uses a
Fritsch—Carlson construction with a smooth adjustment where neighboring secant slopes change
sign. In the debt models, the negative and nonnegative parts of the CDF are interpolated
separately as described in Section C.1, and the borrower mass has its own law of motion.
This construction preserves differentiability when automatic differentiation forms the system

Jacobians.

NDU and the nonlinear benchmark. NDU uses the same first-order decision rule g

and state transition hgs. Within its exact-update window, household-policy responses remain
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first-order, while the distribution transition and associated aggregate-savings condition are
evaluated using the nonlinear operator 7 defined in Section C.1.

The fully nonlinear benchmark uses the same asset grid and DEGM distribution transition
over a path of length T = 150. It is solved with a safeguarded Newton method initialized from
the linearized transition path. At the finite grid used in the reported results, the remaining

nonlinear-system residuals are approximately 1076,

C.3 Differentiability and Validation

Differentiability. The CDF interpolator is monotone cubic except in the terminal upper-tail
cell, which is linear. The borrower-side interpolant remains cubic through its endpoint at zero.
Constructing the endpoints separately for the borrower and non-borrower sides imposes the
relevant probability bounds without non-differentiable minimum or maximum corrections. The
linear terminal cell prevents the last free upper-tail CDF coordinate from generating unstable

feedback. CDF integration for aggregate assets uses the same interpolation rule within each cell.

Validation. We check the implementation in four ways. First, automatic-differentiation
Jacobian actions agree with two-sided finite differences of the nonlinear distribution transition.
Second, each type-income column retains its calibrated terminal mass, total probability remains
one, and the borrower- and non-borrower-side probability bounds hold without projection. Third,
initialization and warm starts preserve the calibrated, potentially unequal discount-type masses,
as required by the block-diagonal transition matrix. Fourth, the generalized eigensystem has the
required stable-root count at the tested grid sizes, and the no-debt implementation reproduces
the root count of the corresponding model without debt.

The same nonlinear distribution operator is used to construct the state-space Jacobians,
during the exact-update window of NDU, and in the fully nonlinear benchmark. These checks

therefore apply to the distribution transition used across all three solution methods.

D Policy Boundaries under Debt Entry Costs

This appendix provides the additional boundary analysis required by the entry-cost model.
It first generalizes Proposition 1 to discontinuous policies. It then derives the policy-only
approximations used in the quantitative decomposition and reports the corresponding partial-

equilibrium evidence.

D.1 Crossing Terms for Discontinuous Policies

With a debt entry cost £ > 0, the entry threshold xj solves Vinter(2) = Vitay(x). This is
indifference in value, not in consumption, so the consumption levels on the two branches need not
agree. In fact, consumption must jump at the threshold. Without an increase in consumption,
entering debt would give weakly lower current utility, a worse continuation asset position, and
the additional cost k, making indifference impossible. The entry-cost model therefore violates

the continuity assumption in Proposition 1.
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Let the household draw an i.i.d. fee waiver with probability A before choosing saving, so that
the type-6 policy is the mixture
co=Acg +(1—N) ¢y (81)

of the fee-free policy cg’ and the costly policy cj. Both are piecewise smooth, but only cj has a
cutoff at xjj. The mixture therefore inherits (1 — \) times the jump in the costly policy, so the
waiver probability scales the boundary term. The function ¢y is the average policy for type 0,

not the policy of a particular household.

Proposition 3 (Crossing terms for discontinuous policies). Let Cyp(A) denote the conditional
type-0 contribution to (9), with cy the mixture (81). For p-almost every 6, suppose cy is
piecewise C? with Ky < 0o cutoffs Tg1 < -+ < Xy, each fized in terms of cash-on-hand. A
lump-sum transfer then shifts every corresponding cutoff in the initial distribution one-for-one,
q0.x(A) = Zo 1, — A. Suppose cg is C? up to each cutoff from either side, with finite one-sided
limits
Jok = Ce(f;k) — co(ZTg p); [m]gk := m;(j;k) —my (Zy)-

Suppose the continuous part of Fy has a differentiable density fy at every moved cutoff, that any
mass points are isolated and none coincides with a cutoff, and that the set of 6 for which some
qo.x(A) coincides with a mass point has p-measure zero. Suppose finally that the one-sided fields
m;t and m;t’z are dominated, so that each branch may be differentiated under the integral. Then,

for regular 9,

Ky
Co(8) = [ mow -+ B)dFo(a) + Y Jo folaoa(D)), (52
k=1

and
(&) = [ moula + A) dF)

Ko
+ ) Mok folaon(D) = Jox folaoe(D))], (83)
k=1

both integrals taken branch-wise, that is, with the integrand evaluated on the branch containing

x + A. Aggregate derivatives follow by integrating over pu(df).

Proof. Fix a regular 6 and write gx = qox(A), g0 = —00, qr,+1 = +0o. Split the type-f

contribution at the moving cutoffs,

BRSNS
@)=Y [ e+ 8) dFy(a), (84)
k=0"1

k

with cék) the branch on (Zg k, Zg k+1). No mass point lies exactly at a cutoff, so every mass point

is in the interior of a branch, where the integrand is smooth in A.
Differentiate (84) by Leibniz’ rule. Because every cutoff is fixed in terms of cash-on-hand,

q,(A) = —1, and the two moving-limit terms that meet at cutoff £ combine into
k), - k—1)
(6" @50) — eV (@a0)] folaw) = Jok Falar),
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while the interior terms give the branch-wise integral of mgy(x + A). This is (82). The boundary
terms cancel only where consumption is continuous. Where it jumps, the mass swept through
the moved cutoff carries the level gap with it, and the crossing flow appears already in the first
derivative.

Differentiate once more. The branch-wise integral of my yields the integral of mg , plus,
at each cutoff, the same combination applied to the slopes, [m]g i fo(qi). Each first-derivative
boundary term contributes Jy i f)(qx) ¢ (A) = —Joxf3(qr), which is where differentiability of
the density is used. Summing gives (83). Integrating over 6 gives the aggregate derivatives;
the mass-point exceptions do not contribute because the set of affected types has pu-measure

ZEero. OJ

Setting every Jypr = 0 and Ky = 1 returns Proposition 1. In the model at hand the two
kinds of cutoff separate cleanly. At the hard borrowing constraint and at the bunching edges
consumption is continuous and only its slope jumps, so Jp = 0 and the crossing flow is the
second-order term (13). At the entry threshold consumption itself jumps, and because the jump

is downward the crossing flow subtracts from the aggregate response at first order.

Remark 2. The order at which a policy boundary first matters is set by the smoothness of
the policy there. If the policy is C™~' but not C" at a cutoff, the crossing term first appears in
the aggregate derivative of order r + 1. A kink is r = 1 and shows up in the curvature of the
aggregate response; a jump is r = 0 and shows up in its slope. A fixed cost of entering debt

therefore renders the threshold-crossing of households first-order for aggregate consumption.

D.2 Policy-Only Approximations

Proposition 3 separates aggregate derivatives into within-branch policy terms and boundary terms.
We now derive the within-branch terms. The policy-only first- and second-order approximations
follow from implicit differentiation of the Euler equation «'(¢) = SRE[u/(¢/)] on the slack branch.
Here y denotes the current idiosyncratic state; primes on ¢/, m’, and m!, denote next-period
quantities, while primes on u denote derivatives:

m(z,y) = A =BR’E [W"()ym' | y], (85)

_ A
u'(c) + A’

[R(1 —m)]?¥ — v (c) m?
u’(c) + A ’

mg(x,y) =

¥ = BRE [u"(c)(m')? +u"(c)m), | y|,  (86)

with m = 1 and m, = 0 on the constrained branch, where consumption is affine and these
derivatives are exact.

The expectations E[m] and E[m,], taken over the fixed steady-state distribution, are not
by themselves the derivatives of aggregate consumption. The policy is differentiable at all
but finitely many cash-on-hand values for each type, so m and m, are the correct pointwise
derivatives almost everywhere. At the cutoffs, however, differentiation and integration do not
commute. The boundary sums in Proposition 3 provide the missing terms. Table D.1 combines

those sums with E[m] and E[m,].
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D.3 Partial-Equilibrium Evidence

Table D.1 complements the partial-equilibrium figure of Section 6.2 with Taylor approximations
of the aggregate response. Prices, continuation values, and household policies are held fixed at
the steady state. FOPS uses C’(0)A, while SOPS adds 3C”(0)AZ. Each coefficient combines

the household-level moment of Appendix D.2 with the policy-boundary sums in Proposition 3.

Table D.1: Partial-equilibrium impact consumption response

Transfer size Nonlinear FOPS SOPS NDU

0.5% GDP 0.0953 0.1118 0.1095 0.1006
1.0% GDP 0.1808 0.2236 0.2143 0.1778
2.0% GDP 0.3429 0.4472 0.4100 0.3437
5.0% GDP 0.7601 1.1181 0.8856 0.7556
10.0% GDP 1.3437 22362 1.3063 1.3461
20.0% GDP 2.2780 4.4724 0.7529 2.2755

Notes: Responses in percent of annual GDP, for the baseline debt model on the same solve as Figure 2
(N4 =120, N; = 20, log-log grid, x = 0.0125, A\ = 0.13); the Nonlinear and NDU (Nonlinear DEGM
Update) columns are exactly the blue and gold curves of that figure, read at these transfer sizes. FOPS
and SOPS are the aggregate Taylor coefficients C’(0)A and C’(0)A + £C”(0)A? of Proposition 3.
Each combines a household-level moment, obtained by implicit differentiation of the Euler equation
(Appendix D.2) using the same steady-state DEGM policy and distribution as the other columns, with
the policy-boundary sums over the genuine cutoffs of each type: the borrowing constraint, the bunching
edges, and, since k > 0, the debt-entry threshold. FOPS and the linear approximation plotted in Figure 2
are two computations of the same derivative, C’(0), one analytic and one a finite-difference tangent of
the nonlinear benchmark; they differ slightly because interpolation and differentiation do not commute
on a discretized policy. NDU pushes the steady-state distribution through the steady-state policy using
the shifted distribution Fa.

At first order, the household-level average MPC is (E[m] = 0.2297). The entry-threshold
jump contributes (> Ji.f(Zr) = —0.0061), giving (C’(0) = 0.2236). The extensive margin
therefore lowers the first-order aggregate response, but only by about three percent.

At second order, the boundary terms dominate. Household-level curvature contributes
(E[m,] = —0.1063), while the boundary sums contribute (—0.3586), giving (C”(0) = —0.4649).
Thus, more than two thirds of the aggregate second derivative comes from households moving
across policy branches rather than from curvature within a branch. Most of the boundary
contribution is the slope-jump term (3".[m]rf(Zr) = —0.2882) at the borrowing constraint and
the bunching edges. The density-slope term (— Y, Ji.f/(Zx) = —0.0704) is also material.

Because most of the aggregate concavity comes from boundary crossing, the second-order
correction becomes more useful as the transfer grows. It removes 14 percent of the first-order
error at a 0.5-percent transfer and 22 percent at a 1-percent transfer, compared with 65 percent
at 5 percent and 96 percent at 10 percent. At a 20-percent transfer, however, the second-
order approximation overshoots and predicts less consumption than the nonlinear solution, by
1.53 percentage points. NDU avoids this limitation because it evaluates the moved cutoff in (7)
directly rather than expanding around zero. Table D.2 shows the same pattern for the model

calibration without debt. Since the nonlinearity in that model is more extreme, the local Taylor
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expansion performs worse, while our method continues to track the nonlinear solution closely.

Table D.2: Partial-equilibrium impact consumption response: no-debt calibration

Transfer size Nonlinear FOPS SOPS NDU

0.5% GDP 0.1321 0.1592 0.1532 0.1379
1.0% GDP 0.2471 0.3185 0.2945 0.2453
2.0% GDP 0.4503 0.6369  0.5409 0.4440
5.0% GDP 0.9462 1.5923 0.9921 0.9502
10.0% GDP 1.5886 3.1846 0.7839 1.5828
20.0% GDP 2.5889 6.3692 -3.2336 2.5859

Notes: Responses in percent of annual GDP, for the no-debt calibration on the same (N4 = 100),
log-log-grid steady-state solve as the no-debt curve in Figure 2. The Nonlinear and NDU columns are the
direct pointwise benchmark and one-shot DEGM CDF update, respectively. FOPS and SOPS are C’(0)A
and C’(0)A 4+ 2C”(0)A?, computed from implicit policy derivatives and the no-debt policy-boundary
terms on the same steady-state DEGM objects. Here C’'(0) = 0.3184 and C”(0) = —1.200356; the
nonlinear finite-difference tangent is 0.310201.

E The Sequence-Space Savings Correction

In sequence space (Auclert et al., 2021), the distributional correction enters as a one-period
savings correction. This achieves an (imperfect) nonlinear correction for the impact response,
but it does not carry the corrected distribution forward, and thus fails to track the nonlinear
solution over the horizon (this limitation motivates the state-space design in the main text). As
in the state-space correction (NDU), the correction never re-solves the household problem, and
the only nonlinear object it evaluates is the exact DEGM distribution transition of the impact

period.

Equilibrium system. The unknown is the output path Y = (Y7,...,Yr), with T'= 150. Let
Y denote the constant path at steady-state output and e; the first coordinate vector. Given
Y and A, the macro block computes prices and fiscal variables in three steps: a backward
wage-Phillips recursion 7y = kg + Bmr1, with g = v/(Y;) — (1 — 7)u/(CF°) the wage-Phillips
gap of Section 4, terminal condition m7; = 0, and the intermediation resource cost held at
its steady-state level inside C“ = Y; — G — IC — EC; the Taylor rule and Fisher equation
it =7+ ¢rmy, 1L+ 14 = (14+14)/(1 4+ m41); and the fiscal block, in which the period-1 lump sum
is T + A, later lump sums follow the debt rule 7' — ¢ BT (Bi—1 — B ), and B; accumulates at the
lagged real rate. The household block then maps (r,Y,T) into aggregate goods demand C(Y, A),
which in the debt economy is household consumption plus the intermediation and entry resource
costs, since that is the object entering goods market clearing. Market clearing is the residual
R(Y,A)=C(Y,A)+ G — Y. With steady-state sequence-space Jacobians

_ 0C(v,0)

Y, A

Y ly_y’ NI .
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the linear solution solves (Jy — I)(Y —Y) + JoA = 0. Both Jacobians are built once by finite
differences at the steady-state path and are never refreshed: column ¢ of Jy — I is [R(}_/ +
hyei,0) — R(Y,0)]/hy with hy = 1075, and Ja is the one-sided quotient [R(Y,¢) — R(Y,0)]/e
at a transfer € equal to 0.01 percent of annual GDP. The matrix Jy — I is factorized once and

reused for every transfer size.

The nonlinear remainder. The nonlinear correction enters through first-period saving.
Starting from the steady-state distribution and policy, we apply one DEGM forward step with
cash-on-hand shifted by income Y] and the transfer A. Concretely, let ¢(Y7, T +A) be the period-1
net-income matrix over persistent and transitory income states, let (Fys, m; ) be the per-type
stationary DEGM distribution and its borrower mass, and let = and z* be the steady-state

endogenous-grid cash-on-hand nodes and entry thresholds. End-of-period saving is
Ay(Y1,A Zp A[T (FusimB s 0, 38,0(v1, T+ A), R)] (87)

where i indexes discount-factor types, pf

side-aware DEGM operator used by NDU, and A[-] is the asset aggregate of a CDF and its

borrower mass. Two features of (87) define the exercise. First, the policy arguments are the

is the calibrated type mass, 7 is the same nonlinear

steady-state ones—iz rather than = + de;, and &* rather than the value-matched threshold
at the shifted controls—so no policy or threshold response enters. Second, the return is the
predetermined steady-state gross return R, and only current resources move with (Y7, A).

Let AY™ be the first-order expansion of (87) at (Y,0), constructed from the same finite-
difference steps as the Jacobians: a central difference in Y7 with step hy and a one-sided difference

in A with step ¢,

o OA - 0A
lin 1 1
AT(Y1,A) = Al(Y 0) + oY Y1-Y)+ A —A,
and define
va(Y1,A) = A1 (Y1,A) — Af"(Y1, A) (88)

the saving gap. It is the entire nonlinear content of the method: a single scalar per candidate

(Y1, A). It enters consumption with the opposite sign, so the corrected residual is
(Jy = )Y —=Y) + JaA — erya(Y1,A) = 0. (89)

Because the correction v4 depends on the output path only through Yi, writing v(A) =
Y — (Jy —I)7"'JaA and w = (Jy — I)"le; collapses the system to the scalar fixed point

Y1 = v1(A) + wiya(Yr, ), (90)

which is solved by safeguarded Newton/bisection without re-solving the household problem.
Because the tangent flllm in (88) is built with the same finite-difference steps as Ja, any small-
step noise from the atom-crossing kinks in the DEGM response is common to v4 and to the

linear part of (89) and cancels in the corrected impact row.
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Algorithm. The complete procedure for one transfer size A is:

B

58,1

1. Solve the steady state; store the per-type stationary pair (Fjs;, mg, ;) obtained by iterating

T at steady-state income and policy to a fixed point (tolerance 107!° on the CDF and on
P)

m”), together with z;, z7, and pf.

2. Build and factorize Jy — I column by column, and form Ja, as described above. Compute
w, = [(Jy — I)_lel]l.

3. Evaluate the three tangent quantities of A;: the level fll(f/, 0), the central difference in
Y7, and the one-sided difference in A. These are four evaluations of (87) in total and are

reused for every transfer size.
4. Compute the linear path v(A) =Y — (Jy — I)"'JAA and take v1(A) as the starting value.

5. Solve (90) for Y;. Write ¢(Y;) = Y7 — v1(A) — wiya(Y1,A). Bracket the root on [Y —
0.5,Y 4 0.5] and verify a sign change. Then iterate: evaluate ¢, update the bracket by
the sign of ¢, take the Newton step using a central difference of ¢ with step 100k 7, accept
it if it stays inside the bracket and bisect otherwise, and stop when the step falls below
1072, Each ¢ evaluation costs one evaluation of (87), i.e. one DEGM transition per type;

no household problem and no Jacobian is touched.

6. With the converged 74, solve the full path once, Y =Y — (Jy — I)7' [JAA — e174], and
pass Y through the macro block to recover inflation, the nominal and real rates, transfers,
and debt.

Steps 1-3 are shared across transfer sizes, so the marginal cost of an additional size is the handful

of DEGM transitions consumed by step 5 plus one back-substitution.

Results. Figures E.1 and E.2 compare this correction with NDU(6) and the nonlinear bench-
mark at transfers of 1, 5, 10, and 15 percent of annual GDP. Figure E.1 removes the entry
cost, while Figure E.2 uses the baseline debt-entry cost. This comparison isolates whether a
one-period correction is enough to recover the transition path once the impact nonlinearity has
been (partly) corrected.

Without the entry cost, Figure E.1 shows that the sequence-space correction matches impact
but overshoots the nonlinear response after the first period at every transfer size. With the
baseline entry cost, Figure E.2 shows that it remains close at transfers of 1 and 5 percent of annual
GDP but departs visibly at 10 and 15 percent, also on impact (the sequence-space correction
deviates by 1.2pp for the impact-response to the 15 percent transfer). NDU(6) remains close to
the nonlinear benchmark in both figures. The reason is direct. Sequence space substitutes the
distribution out of the equilibrium system. The one-period saving correction therefore captures
the nonlinear first-period update evaluated at the steady-state distribution, but the shifted

distribution is not available as an input in later periods.
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Figure E.1: Output responses without a fixed debt-entry cost (x = 0).

Notes: Panels, read from upper left to lower right, show one-time transfers equal to 1, 5, 10, and 15 percent
of annual GDP. Green is the nonlinear benchmark, purple dashed is the sequence-space correction in (90),
and red dotted is NDU(6). The model calibration is that from Appendix B.3. Output is measured as a
percentage deviation from steady state.
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Figure E.2: Output responses with a fixed debt-entry cost (x > 0).

Notes: Panels, read from upper left to lower right, show one-time transfers equal to 1, 5, 10, and 15 percent
of annual GDP. Green is the nonlinear benchmark, purple dashed is the sequence-space correction in (90),
and red dotted is NDU(6). The calibration is the baseline debt calibration. Output is measured as a
percentage deviation from steady state.
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